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ABSTRACT
The Enskog-Thorne so lu t ion  to  the Boltzmann equation provides 
expressions fo r  the t r an sp o r t  p ro pe r t ie s  of binary dense f l u id  mixtures 
of  hard spheres . This work uses the Percus-Yevick approximation fo r  the 
v i r i a l  equation of s t a t e  to  evaluate  the  Thorne expressions and obtain 
"mixing laws" fo r  thermal conduct iv i ty  and v i s c o s i ty .  These expressions 
a re  compared with experimental r e s u l t s  to help c o r r e l a t e  the excess 
t r a n s p o r t  p ro p e r t i e s .  The expression fo r  v i s c o s i ty  i s  applied to a 
d i l u t e  suspension of  macromolecules and c e r t a in  s im p l i f i c a t io n s  r e s u l t .  
This f ina l  r e s u l t ,  a power s e r i e s  in volume f r a c t i o n ,  is  analogous to 
the Einste in  f l u id  v i s c o s i ty  equat ion. Unlike the Einste in r e s u l t ,  
however, i t  p red ic ts  a dependence of sp e c i f ic  v i s c o s i ty  on macro- 
molecular s i z e ,  which is  shown to have some experimental corroboration 
in reported data .
F in a l ly ,  t h i s  work shows th a t  recent  modif icat ions to the 
Enskog theory produce r e s u l t s  fo r  thermal d i f f u s i v i t y  iden t ica l  to 
those obtained by McLaughlin when he chose the chemical po ten t ia l  
g rad ien t  instead of the concentrat ion g rad ien t  as the d i f fu s iv e  dr iv ing 
f o r c e .
CHAPTER I .  INTRODUCTION
A. Background
The t r an sp o r t  p rop e r t ie s  of mixtures are  of both th e o re t ic a l  
and p rac t ic a l  importance. For example, many in d u s t r ia l  process 
designs depend on the a b i l i t y  to accura te ly  p red ic t  the behavior 
o f  mixtures .  Various experimentally  determined empirical c o r r e l a ­
t io ns  do e x i s t ,  and within the range of t h e i r  a p p l i c a b i l i t y ,  many 
of  these  are  e x c e l l e n t .  However, extensions of c o r r e la t io n s  can 
r e l i a b l y  be made only with a th e o re t i c a l  underpinning.
The study of t r a n s p o r t  phenomena began as a study of bulk pro­
p e r t i e s .  V iscos i ty ,  thermal conduc t iv i ty ,  and d i f f u s i v i t y  are 
defined by the laws of Newton, Fourier ,  and Fick re sp ec t iv e ly  for  
cases in which the bulk p rop er t ie s  of the substance are  assumed to 
be smooth and d i f f e r e n t i a b l e  funct ions .  Such macroscopic premises 
a re  useful as the foundations fo r  c l a s s ic a l  thermodynamics and 
f l u id  mechanics. They fu r th e r  form a large pa r t  of  the basis  fo r  
heat  and mass t r a n s f e r  theory.
A macroscopic vantage is  n o t ,  however, the only viewpoint 
av a i la b le .  S t a t i s t i c a l  mechanics deals with many of the same 
problems from the microscopic view. S t a t i s t i c a l  mechanics i s  a 
bridge between the sub jec ts  of thermodynamics and t ran sp o r t
■n •
phenomena.
The r e s u l t s  of s t a t i s t i c a l  mechanics most re levan t  to t h i s
work had t h e i r  inceptions  in the rigorous k ine t ic  theory of gases
1 2begun by Boltzmann and Maxwell in the l a t e  1800's . The crux of
<L
the  usefulness of s t a t i s t i c a l  mechanics i s  t h a t  bulk p roper t ies
are  the  e f f e c t s  of averages of  molecular a t t r i b u t e s  which vary from
molecule to  molecule with a c e r t a in  p ro b a b i l i ty  d i s t r i b u t i o n .  The
Boltzmann equation is  an in t e g r o - d i f f e r e n t i a l  equation which r e l a t e s  the
change in t h i s  p ro b ab i l i ty  d i s t r i b u t i o n  funct ion  with time. By using a
3 4 5sequence of successive approximations, Chapman ’ and Enskog indepen­
den t ly  a rr ived  a t  a method of  so lu t ion  fo r  the p ro b a b i l i ty  d i s t r ib u t io n  
function from the Boltzmann equat ion.  This so lu t ion  is  r e la te d  in 
d e ta i l  in The Mathematical Theory of  Non-Uniform Gases by Chapman and 
Cowling. These equat ions could be evaluated fo r  simple forms of the 
molecular po ten t ia l  to y ie ld  expressions fo r  the t r a n s p o r t  c o e f f i c i e n t s  
of  d i lu t e  gases. The appearance o f  computers allowed the evaluat ion  of  
the so lu t ion  for  more r e a l i s t i c  p o t e n t i a l s .  This was a con tr ibu t ion  of 
H irschfe lder  and his colleagues in the 1950's . ^
For pure systems of hard spheres ,  the d i l u t e  gas so lu t ion  of
6Chapman and Enskog was extended by Enskog to dense f l u id s .  H. H.
O
Thorne f u r th e r  extended the theory to dense f l u id  mixtures .  Until 
re c e n t ly ,  the app l ica t ion  of the Thorne-Enskog equations lay  dormant.
The Thorne equations contain terms involving the con tac t  p a i r  d i s t r i ­
bution func t ion ,  and even now there  e x i s t  no exact  so lu t ions  fo r  i t .
g
However, the approximations obtained by Percus and Yevick give the 
contact  p a i r  d i s t r i b u t i o n  function in very good agreement with Monte 
Carlo computer c a lcu la t ion s  fo r  hard s p h e r e s .1^ Thus, the Thorne 
equations have been solved y ie ld ing  expressions fo r  the mixing laws of 
the various t r an sp o r t  p r o p e r t i e s . 11 As most p ra c t ic a l  s i tu a t io n s  of 
i n t e r e s t  involve mixtures ,  the  p red ic t ion  of t r a n s p o r t  p roper t ies  is  
incomplete without such a f u n c t io n a l i ty  of concentra t ion .
3
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B. Mixing Laws
Various empirical and semi-empirical formulae have been pos tu la ted  
in the pas t  fo r  the  mixing laws of t r an sp o r t  p ro p e r t i e s .  An obvious 
r e l a t i o n  to  propose fo r  a binary mixture i s  the quadra t ic :
Qmix = Al xl 2 + 2xl x2 Q12 + x22 \  ^
where Q i s  the property  and x the mole f r a c t io n .  The s ing le  subscr ip ts  
r e f e r  to  the  individual  species and Q-^ is  a c ro s s - c o e f f i c i e n t  term 
to  be determined. Figure 1.1 shows th a t  many binary mixtures have 
composition dependences t h a t  suggest the quadra t ic  form fo r  thermal 
co nduc t iv i ty ,  and the use of equation (1 ) i s  fu r th e r  suggested by 
analogy with the quadra t ic  mixing law fo r  the second v i r i a l  c o e f f i c i e n t .  
This formula has a firm basis  in theory.
The so lu t ion  of Thorne's equations fo r  t r an sp o r t  p rope r t ie s  
provides a t h e o r e t i c a l  basis fo r  the evaluation of equations such as 
equation (1) .  I f  formulae fo r  the t r an sp o r t  phenomena are known, 
excess p ro pe r t ie s  fo r  an n-component mixture are defined by:
Qxs -  < W  - J  *i (2 )
For a binary mixtures (as shown in Figure 1.2) the excess property  
represen ts  the  d i f f e ren c e  between the actual  t r an sp o r t  property  and 






























In the  p a s t ,  Thorne's equations have been examined by McLaughlin 
«rt He has exhaust ively  s tudied  the problem of  d i f f u s i v i t y  and
solved i t  in d e t a i l .  For t h i s  reason d i f f u s i v i t y  i s  not f u r th e r  
examined in t h i s  work. Thermal c onduc t iv i ty ,  v i s c o s i t y ,  and thermal 
d i f f u s i v i t y  are  the  p roper t ies  considered in t h i s  t h e s i s .  The bases 
fo r  considera t ion  are the following: compositional dependence of the
mixing laws with consequent fu n c t io n a l i ty  of s iz e  and mass r a t i o s ,  
methods of charac te r iz ing  excess p r o p e r t i e s ,  viscous behavior of 
d i lu t e  suspensions of macromolecules, and an examination of d i f fu s iv e  
dr iv ing forces .
Of p a r t i c u l a r  i n t e r e s t  i s  the  v i s c o s i ty  of d i l u t e  suspensions of 
macromolecules. In f lu id  mechanics, as a l a t e r  chapter  wil l  show, 
the re  i s  a r e la t io n sh ip  derived fo r  j u s t  such a physical system—the
Einste in  v i s c o s i ty  equation. When McLaughlin examined the d i f f u s i v i t y
2
of a d i lu t e  macromolecular suspension, he found a r e l a t io n sh ip  
analogous fo r  d i f f u s i v i t y  to  t h a t  of Einste in  fo r  v i s c o s i ty .  This 
work derives the v i sc o s i ty  analogue and analyzes i t .
8
References
[1] Al-Chalabi,  H. A. and E. McLaughlin, Mol. Phys. , 19, No. 5 ,  703 (1970).
[2] McLaughlin, E . ,  J_. Chem. Phys. , 56 , No. 8 , 3952 (1972).
[3] McLaughlin, E . , J_. Chem. Phys. , 50, No. 3, 1254 (1969).
[4] F r i sch ,  H. L. and E. McLaughlin, I and E. Ĉ. Fundamentals, 11 , 35 (1972)
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C. Property Def in i t ions
To begin a d iscuss ion  of t r a n s p o r t  p ro p e r t i e s  requ i re s  an under­
standing of the term f lux (which wil l  be d e a l t  with in g re a te r  d e ta i l  
l a t e r  in t h i s  work). For now, a f lux wil l  be considered to be the 
amount of a property t ranspor ted  in a u n i t  time across  a un i t  of  surface  
a rea .
One of the p rope r t ie s  t h a t  can be t ranspor ted  i s  momentum. The
t ran sp o r t  can occur in two e s s e n t i a l l y  d i f f e r e n t  ways: p a ra l l e l  or
perpendicular  to  the d i r e c t io n  of momentum. The viscous s t r e s s  tensor
element x i s  used to  represen t  the f lux in the y - d i r e c t i  on of momentum yx
in the x -d i rec t io n .  For t h i s  s implest  case ,  Newton's law def ines  the 
c o e f f i c i e n t  of shear v i s c o s i ty  n by the equation
In a more general con tex t ,  t r a n s f e r  of  momentum p a ra l l e l  to the d i r e c ­
t io n  of momentum must a lso  take in to  account overcoming the hydros ta t ic  
pressure  pQ. The pressure  tensor  P i s  given by
where I i s  the i d e n t i ty  tensor  and x i s  the viscous s t r e s s  tenso r .  A 
g enera l iza t ion  of Newton's law gives an empirical form fo r  the  pressure  
tensor :
* Z Z  
P = P0 I - T ( 2 )
P - Cp + ( j  n - <) . u] I - 2n sym ( - ^  u) (3)
1 0
where p i s  the  uniform s te a d y - s t a te  (or thermodynamic) p ressu re ,
3 "y
k i s  the bulk v i s c o s i ty ,  i s  the grad ien t  and u i s  the mass average
a + 9r a ^v e lo c i ty ,  sym ( ^ u )  i s  the symmetric pa r t  of  the tensor  (—  u).
a +  l  3 u i  3 u i
[sj™ ( ^ r u l L ,  = i  (4)
3r 1J i  3 z i  i
where u = (u-j, u^) and r  = (z-j, z ^ ,  z^) .  I t  can be seen th a t  given
express ions fo r  P and pQ, the v i s c o s i ty  n can be obtained.
Ju s t  as the  v i s c o s i ty  i s  defined in terms of a ve loc i ty  g rad ien t ,  
the thermal conduc t iv i ty  X i s  defined by F o u r ie r ' s  law fo r  a temperature 
g rad ien t .
J Q = V r  (5)
M ar
-»■
Jq i s  the heat  f lux  and T is  the temperature. The expression fo r  the
heat f lux gives the  thermal conduct iv i ty  d i r e c t l y .
In the case of  d i f f u s io n ,  the s i t u a t io n  is  not qu i te  so simple.
F ick 's  f i r s t  law of  d i f fu s io n  can be w r i t ten
j  * = _c D-\o -* x i (6)
m-j ftr
->
where Jm * is  the molar f lux of species 1 r e l a t i v e  to the molar average 
v e lo c i ty ,  x-j i s  the molar f r a c t io n  of species  1, C the to ta l  molar 
c oncen tra t ion ,  and is  the mass d i f f u s i v i t y  of species 1 in to  species 
2 where i s  defined by equation (6 ). For the same D ^ ,  the mass f lux
—y
of species 1 , j  , r e l a t i v e  to the mass average ve lo c i ty  is  given 
ml
n
V  " " NA ml m2 C12 + xi (7)
I o r
where p i s  the d e n s i ty ,  i s  the molecular mass, and is  Avogadro's 
number.
In the  above s i t u a t i o n ,  there  are no temperature g ra d ie n ts ,  p r e s ­
sure g rad ie n ts ,  nor external  fo rc e s ,  each of  which con tr ibu te s  to the 
d i f fu s io n  f lux .  Inclusion of a l l  there  terms gives the to ta l  d i f fu s io n  
f lux .  I f  the  dr iv ing  force i s  the chemical p o t e n t i a l ,  y, a d i f f e r e n t  
mass d i f f u s i v i t y  D!2 1S defined.
jm, = " F̂RT1 nA3 mi 2m2Di2xi x,
- r ( F r F2 ) + ( N ^ - ^ p ] - Di T ^ , n T  ( 8)
where F is  an acce le ra t io n  due to an outside  fo rce ,  R i s  the  universal
_ T
gas cons tan t ,  i s  the p a r t i a l  molar volume of species 1 , and is  
the  thermal d i f f u s i v i t y ,  a lso defined in t h i s  equation.
I f  j u s t  ordinary d i f fu s io n  is  considered in equation (8 ) and 
compared with equation (7) ,  the two d i f fus ion  c o e f f i c i e n t s  are  re la ted :
x-, 9y,
°12 = RT 9xij~ °12
I f  (dy-j) = RT(d In a  ̂ )T and k-j- i s  defined as D ^ / D ^ ,  the thermal 
d i f fu s io n  r a t i o ,  equation (8 ) can a l t e r n a t iv e ly  be wri t ten
In order to use the  equations in t h i s  sect ion  to  p red ic t  property 
f lu x e s ,  express ions fo r  the t r a n s p o r t  p rop e r t ie s  must be known. I t  i s  
the purpose o f  t h i s  work to in d ic a te  the de r iva t ion  of  expressions for  
the  t r a n s p o r t  p rop e r t i e s  from in termolecular  p r in c ip le s .  The i n t e r -  
molecular forces wil l  determine the macroscopic t r an sp o r t  p ro p e r t i e s .
CHAPTER I I .  STATISTICAL MECHANICS
A. Intermolecular Forces
The i n i t i a l  bas is  fo r  the study of macroscopic p rop er t ie s  from
microscopic p r in c ip le s  begins with the in te rmolecular  p o te n t i a l s  used to
model molecular behavior. Several assumptions are commonly made with
regard to these p o t e n t i a l s . ^  One i s  t h a t  the  po ten t ia l  i s  a function
only of the separa t ion  between p a r t i c l e s .  This i s  c le a r ly  j u s t i f i e d  fo r
spherica l  molecules-- the  sp a t ia l  o r ie n ta t io n s  are  equiva len t .  This has
a lso  been found to  be adequate fo r  d i l u t e  gases in which the d is tance  of
separa t ion  between molecules tends to lessen the configura t ional  e f f e c t
of the molecules. Another important assumption i s  t h a t  the to ta l
p o ten t ia l  energy can be expressed as the sum of p o ten t ia l  funct ions fo r
two, th r e e ,  four ,  e tc .  bodies.
The p a r t i c u l a r  form of the in te rmolecular  p a i r  po ten t ia l  must
i t s e l f  be assumed. From quantum mechanics, the a t t r a c t i v e  po ten t ia l  can
2 3be shown to  decrease with the inverse s ix th  power of d is tance  5 and the 
repu ls ive  po ten t ia l  to  increase exponent ia l ly  with d is tance .  One of the
4
most widely used expressions to  model t h i s  behavior has been the 
Lennard-Jones n-m p o te n t i a l :
n m
rwn {m(f )  - n ( | )  } n > m > 3 (1)
(shown in Figure I I .  1) where <p is the in te rmolecular  po ten t ia l  and s the 
separa t ion  d is tance .  The most popular choices fo r  m and n are 6 and 12 
since 12 i s  adequate to  approximate exponential decay.
1 3
jq-
Figure I I . l  
The Lennard-Jones Potentia l
1
5
Another p o t e n t i a l ,  proposed by Kihara, i s  of  the  form:
( 2 )
where
A(x) = xx / ( 1 ‘ x) (1 -x ) - 1 (3)
Although s l i g h t l y  more complicated, the Kihara p o ten t ia l  i s  more r e a l ­
i s t i c  as a model of  molecular behavior.
Despite the b e t t e r  performance of  the previous two p o t e n t i a l s ,  t h i s  
work deals  with the  hard sphere p o ten t ia l  (shown in Figure I I . 2).
The hard sphere po ten t ia l  is  simpler to  deal with because only the 
repu ls ive  force  i s  taken in to  account. Co l l i s ions  between molecules are 
much e a s i e r  to  descr ibe  because no in te ra c t io n  takes place a t  a d i s tan c e ,  
and t h e r e f o re ,  near misses produce no c o l l i s i o n a l  e f f e c t .  Furthermore, 
the  time of con tac t  i s  zero in c o n t ra s t  to  the Lennard-Jones and Kihara 
p o t e n t i a l s .  Therefore ,  r e s t r i c t i o n  to  two-body c o l l i s i o n s  i s  r e l a t i v e l y  
more l ik e ly  fo r  hard spheres than ,  say, Lennard-Jones p a r t i c l e s .  This 
m i t iga te s  to a c e r t a in  extent  ( fo r  hard-sphere as opposed to Lennard- 
Jones p o te n t i a l s )  the  assumption th a t  only two-body c o l l i s io n s  take 
p lace ,  and consequently , th a t  the  to ta l  p o ten t ia l  energy $ of a group of
N p a r t i c l e s  with vector  pos i t ions  r ]# . . . r  is  the sum of the two- 
body p o te n t i a l s
l b
Figure I I . 2 





* ( r l> • • • r i\i) = 2
1 n m  3
->■ -> ->■
where r - . = r .  - r . .
• 0 0 •
Once $ i s  c a lc u l a b l e ,  the  canonical p a r t i t i o n  function is 
given by the equat ion :^
3N 
2
2 • r  r  + ->
^2-rrmkT ̂  
ZM = — 1 V.  / •  7  e x P C - ^ / kT3 d r ] . . . d r N ( 6 )
Thermodynamic p ro p e r t i e s  are  then re la te d  to  the  in termolecular  
p o ten t ia l  through the Helmholtz f ree  energy A which i s  given by
A = - kT In ZN (7)
The other  thermodynamic p roper t ies  are  then obtainable  from t h e i r  basic 
d e f in i t i o n s  and combinations of A and i t s  p a r t i a l  d e r iv a t ive s  with 
respec t  to  volume and temperature.
A = U - TS (8 )
where U is  in te rn a l  energy and S is  entropy.  The f i r s t  and second laws 
of thermodynamics can be combined and wri t ten
dU = TdS - pdV (9)
f or  the volume V. Solving for  the d i f f e r e n t i a l  dA gives
dA = - SdT - pdV (10)
which implies t h a t  fo r  S and p
Therefore, since G = A + pV fo r  G, the Gibb's f ree  energy,
G = A - ( | &  V (12)
Likewise, fo r  enthalpy and in te rna l  energy
H = A - (f£) V - (f£) T (13)
u = A ~ (It) T (14)
81 V
This gives a l l  the  f i r s t  order thermodynamic functions in terms 
of A.
Thermodynamic p roper t ies  are  not the only r e s u l t s  from knowledge 
of the po ten t ia l  P robab i l i ty  d e n s i t i e s  ( d i s t r i b u t i o n s )  can be
4
ca lcu la ted .  There are th ree  d i s t r ib u t io n  funct ions of i n t e r e s t  to 
us;  the configura t ional  d i s t r i b u t i o n  function n ^ ,  the  to ta l  
d i s t r ib u t io n  funct ion f ^  and the radia l  d i s t r ib u t io n  function g ^ .
/ • } )
The configura t ional  d i s t r ib u t io n  funct ion n '  '  gives the prob­
a b i l i t y  of f inding i p a r t i c l e s  a t  time t  in the  small volume 
elements dr ,  . . . d r .  around the coordinates  r-j . . . r  as 
n v ; (r-j . . . r n-,t)dr-j . . . d r ^ . For the  case where i = 1 in 
an i so top ic  f l u i d ,  the configura t ion  d i s t r i b u t i o n  funct ion is  the 
number densi ty .
n (1 ) ( t )  -  n ( t )  = (N/V) ( t )  (15)
fo r  the i p a r t i c l e  d i s t r ib u t io n
n ( i ) ( t )  = [N!/V1"(N-i) ! ]  ( t )  (16)
The configura t ional  d i s t r i b u t i o n  funct ion is  dependent only on 
the pos i t ions  of the molecules. For hard spheres ,  the  molecules are  
described by the pos i t ion  and momentum (or v e lo c i ty )  coordinates .  
Therefore ,  the t o ta l  d i s t r ib u t io n  func t ion ,  f ^ ,  g iv es ,  a t  time t ,  
the  p ro b ab i l i ty  of  i molecules being within the  neighborhood 
dr-| . . . dr^dv-j . . . dv^ of the space-ve loc i ty  coordinates  
r ,  . . . r . , v1 . . . vi as f ' 1^ ^  . . r i , v-, . . vi , t )  
dr-j . . dr^dv-j . . dv^. The normalization of f ^ 1 ' over ve loc i ty  
space y ie ld s  n ^ .
The rad ia l  d i s t r i b u t i o n ,  g ^ ,  unl ike  the  previous two 
fu n c t io ns ,  and n ^ ,  i s  normalized to  uni ty .  At equ il ib r ium , 
the  r e l a t io n s h ip  among the p a i r  d i s t r i b u t i o n  functions and the 
p o ten t ia l  $ can be expressed:
n ^ ( r r r 2 ) = n^1^ )  n ^ ( r 2 ) r 2 ~ r i )
3N
^TtmkT  ̂ 2
= (n - ] )1~Ẑ  /  ' / * exP d r 3 • • • d r M (18)
(21 -> ->
I f  the f l u id  i s  uniform, g v 1 i s  a function only of ( r 2 - ) and
(21i f ,  as w e l l ,  the p a r t i c l e s  are  s p h e r i c a l ,  g '  ‘ is  a funct ion only 
of s the separa t ion  d i s tan c e ,  i . e .
n (2 ) (s) = (N/V)2 g (s)  (19)
(o 1 g
where g henceforth wil l be used to  rep resen t  gv ' .  I t s  behavior 
i s  given in Figure 11.3.
For hard spheres ,  the rad ia l  d i s t r i b u t i o n  funct ion behaves as 
in Figure 11.4. One can see th a t  the d i f fe rences  between the actual  
rad ia l  d i s t r i b u t i o n  and one evaluated fo r  hard spheres by computer 
modeling are  not q u a n t i t a t iv e ly  la rge .  The major q u a l i t a t iv e  
d i f fe ren c e  comes in the region s < a where the hard sphere d i s t r i ­
bution is  zero u n t i l  r i s in g  d iscontinuously  to i t s  contact  value,  
whereas the  actual  rad ia l  d i s t r i b u t i o n  r i s e s  continuously from zero.
Figure I I . 3 
Radial D is t r ibu t ion  Function
ZZ
Figure I I . 4
Radial D is t r ib u t io n  Function fo r  Hard Spheres
g(s)
s /a
With the previous concepts ,  i t  i s  now possible  to  derive an equa­
t io n  of  s t a t e .  One of  the ways to  proceed is  with the pressure  equat ion ,  
so -ca l led  because i t  i s  derived from the r e l a t i o n  fo r  p ressu re ,  equation
(11). Combining equations (6 ) ,  (7 ) ,  (11),  and (18) y ie ld s
oo
s i r  = 1 -  I f f  /  s3 g(s)  ds > (20)
0
the pressure  equat ion. The use of a hard-sphere po ten t ia l  implies
I
p (s) corresponds to the negative Dirac d e l ta  func t ion ,  and hence
s i r -  1 o3 g<„) ( 21 )
A s im i la r  procedure using the grand canonical ensemble wil l 
y i e ld  the  com press ib i l i ty  equation:^
oo
kT ^  = 1 + 47Tn \  s2  [ 9 <s )  " 1 ]  ds  ( 22 )
^  o
The pressure  and com press ib i l i ty  equations are themselves exact 
thermodynamic r e l a t io n sh ip s  and provide a measure of the prec is ion  
of any approximations used to solve fo r  g by comparing i t s  e f f e c t s  on 
the two equat ions .  Because there  can be divergences in the use of  the  
d i f f e r e n t  equa t ions ,  t h i s  work w i l l ,  fo r  the sake of in te rna l  cons is tency ,  
always use the pressure  equation unless otherwise spec i f ied .
The p a r t i c u l a r  approximation with which t h i s  work is  concerned is  
the Percus-Yevick approximation , 8 ,9  obtained a n a ly t i c a l ly  by T h ie le , 10
24
Wertheim, 11,12 and Baxter . 13 The approximation of  Percus and Yevick 
wil l  not be derived here. However, an ind ica t ion  of one method of 
de r iva t ion  wil l be provided.
In equation (6 ) an expression fo r  the p a r t i t i o n  funct ion is  given. 
This i s  not an easy expression to  ev a lu a te ,  and in order to  do i t  
Mayer1^ defined an f-bond funct ion f . ■:
f.jj = exp [-<^(ri ^)/kT] - 1 (23)
Therefore, the integrand of equation (6 ) can be expressed
exp [-4/kT] = n (1 + f . . )  (24)
m  3
This would not have been an improvement except th a t  the terms in 
equation (24) can be shown to be topo log ica l ly  equivalent  to a 
r ep resen ta t ion  in a plane graph. Consider the  case fo r  N = 3.
n (1 + f j . )  = 1 + f 12 + f 23  + f 31 + f ] 2 f 23 + . . .  f-j2^23^31  
i r J
= + + + + + . . . + (26)
where the l in e s  between dots are  the  f-bonds between molecules. The 
exact procedures and terminology of graph theory are not within the 
realm of t h i s  d i s s e r t a t i o n .  Suffice  i t  to  say th a t  by ignoring c e r ta in  
types of the diagrams in an N -pa r t ic le  system s im i la r  to those in
Zb
Equation (26) the c l u s t e r  i n t e g r a l s  remaining can be evaluated and 
an expression fo r  g obtained.  In j u s t  such a manner the  Percus-Yevick
g
approximation fo r  g can be obtained.
C luster  in te g ra l s  are  the  i n t e g r a l s  of the  funct ions  represented by 
the c lu s t e r  diagrams of which those  shown in equation (26) are but 
examples.
T h ie le ' s  r e s u l t  fo r  the  Percus-Yevick approximation can be w r i t te n .
g(a) = (2 + ?) /  2 (1 - g)2 ' (27)
3
where £ = ima /6  i s  the volume f r a c t io n  taken up by the molecules in 
the  system. Combining equations (21) and (27) produces a workable 
equation of s t a t e  fo r  a hard sphere s ing le  component f l u id .
p = 1 + 2e + 3; 2 .  1 + e + ; 2 - 3; 3 
S E r '  ( l - C ) 2 ■ n - 5 ) 3
15The above procedure has been general ized to  a binary m ix tu re :
(PVA  = g (1 + 5 + C2 ) 
^  (1 -  ? ) 3 (x-j + x2r 3 )
3x^ 2  (1 - r 2 ) ?2 [(1 + r )  + r?  {(x-j + x2r 2 ) (x-j + x2r 3 )}] 
7x] + x2r 3 )2 (1 - O 3
-  3s4 rxi + x? r 2 ,3O I OJ
(1 - {) x1 + x2r
( 2 9 )
' b
where the x ^ 's  are  the mole f r a c t i o n s ,  r  the  molecular s ize  r a t i o
(= cr00/ a , , ) ,  v.* = 7=- no• ■ ^ i s  the volume of species  i in the 22 II 1 b 11
system, and the t o t a l  volume f r a c t io n  of  the molecules z i s  given 
by
Z = n + x2v2*) = (x-|V.,* + x2v2*) /  v (30)
Equations (28) and (29) are derived from the pressure  equation
and d i f f e r  s l i g h t l y  from the r e s u l t s  of the com press ib i l i ty  equation
15which can be obtained by dropping the l a s t  term of equation (29).
Monte Carlo c a lcu la t io n s  are used as experimental r e s u l t s  for  
hard spheres since no t rue  experiments are  poss ib le .  Equilibrium 
prop er t ie s  are obtained by modeling a system of hard spheres co l l id in g  
with a random d i s t r ib u t io n  of v e lo c i t i e s  and pos i t ions  on a computer.
A physica l ly  d e te rm in is t ic  model of individual  c o l l i s io n s  i s  used, and 
averaged molecular p roper t ies  give the macroscopic p ro p er t ie s .  This 
method allows the ca lcu la t ion  of t r an sp o r t  p roper t ies  as well as 
equil ibrium p ro p er t ie s  by superimposing a g rad ien t  of some c o l l i s io n a l  
in v a r ian t  on the o r ig ina l  d i s t r i b u t i o n ,  e .g .  A temperature gradient  
would be r e f l e c te d  by d i f f e r e n t  average v e lo c i t i e s  fo r  molecules in 
d i f f e r e n t  regions of space.
A graphic comparison of pressure  r e s u l t s  from Monte Carlo ca lcu­
la t io n s  with the two d i f f e r e n t  approaches (com press ib i l i ty  and
17pressure  equations)  i s  given in Figure I I . 5.
Figure I I . 5
Percus-Yevick Results vs^ 
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B. Property Fluxes
Individual  forces between molecules are  of i n t e r e s t  in t h i s  
work only to the ex ten t  t h a t  they allow the ca lcu la t io n  of macro­
scopic p ro pe r t i e s .  Since the t r a n s p o r t  p ro p e r t ie s  are  defined by 
f lu xes ,  a r e l a t io n sh ip  must be found fo r  property f luxes  in terms 
of in termolecular  fo rces .
Let the molecular  behavior of a system be described by a one-
p a r t i c l e  t o ta l  p ro b ab i l i ty  d i s t r i b u t i o n  function f  ( r , v , t ) .  From 
the previous chap te r ,
Equation (1) would a lso  be t rue  fo r  an individual  species  i in a 
multicomponent system with f ,  r ,  v, and n a l l  subscr ip ted  by i .  
The mass dens i ty  p i s  then defined in terms of  m^, the molecular
CD
+ u
mass of the individual i species p a r t i c l e s  fo r  a t o t a l  of j
s p e c i e s :
J J
p = 2  p, = 2  m.n. 
i=l 1 i=l 1 1
( 2 )
The mean mass v e lo c i ty  u is  defined
( 3 )
S im i la r ly ,  the  number average v e lo c i ty ,  u*, is  given by
The pecu l ia r  or thermal mass v e lo c i ty  C is  defined
C = v - u (5)
and the, p ecu l ia r  number v e lo c i ty
C* = v - u* (6 )
To study a f l u x ,  an or ien ted  surface  element dS moving through 
the f lu id  with some v e lo c i ty  us must be defined. Another r e l a t i v e  
ve loc i ty  a r i s e s  n a tu r a l l y .
C = v - u„ (7)
I f  x(v) i s  a molecular  property passing through the surface  element 
dS, the t o ta l  f lux  of x through the element i s  given by
/
x(v)Cs ‘ dS f ( r , v , t )  dv
= n ( r , t )  < x Cs > • dS (8 )
The use of the brackets  < > is  defined here and wil l  be used to 
ind ica te  the averaging of the quan t i ty  in the brackets  over the 
ve loc i ty  space (but not time) with respec t  to  f .
Therefore, the  mean molecular f lux across the  element dS of
the property x» designated Tr (x) i s  given by
Ls
Tc (x) = < xCs > (9)
Those p ro p er t ie s  of i n t e r e s t  to  us are  the c o l l i s i o n a l  in v a r ian ts  
those p roper t ies  (mass, momentum, and energy) which are conserved in 
e l a s t i c  -co l l is ions .  I t  i s  the f luxes of these p roper t ies  t h a t  y ie ld  
the t r a n s p o r t  p ro p e r t ie s  examined in t h i s  work.
In a uniform f l u i d ,  the f lux of mass r e l a t i v e  to  a s t a t io n a ry  
surface element i s  simply the average momentum.
T (m) = < mv > = mu (10)
For momentum, x = mv, the f lux T(mv) i s  given by
TQ(mv) = m < CC > + muu (11)
**>■
since v = C + u. The f lu x ,  then,  of  momentum i s  composed of two
p a r ts  which ( fo r  a d i lu t e  gas) correspond to  the pressure  tensor  
$
P (the negative of  the s t r e s s  tensor)  and the momentum f lux of  the 
local  mean ve lo c i ty .
P = n m < C C >  (12)
Similar ly  fo r  energy, the  f lux can be broken in to  two components:
one r e l a t i v e  to  the  mean v e lo c i ty ,  one due to i t .  The heat f lux 
i s  given
(13)
by th a t  p a r t  of  the energy f lux r e l a t i v e  to the mean v e lo c i ty .
The discuss ion  of  f lu x ,  so f a r  l im ited  to  one-component f l u i d s ,  
can be modified s l i g h t l y  to r e f l e c t  the f a c t  t h a t  the  molecular pro­
perty  x may be d i f f e r e n t  fo r  each species .  For species  i
The multicomponent nature a lso  gives r i s e  to  the d i f fu s ion  f lux :
For the  previous examples of mass, momentum, and energy f lu x e s ,  
a knowledge of  the d i s t r ib u t io n  function f  i s  a l l  t h a t  is  required  to 
e x p l i c i t l y  solve fo r  p a r t i c u l a r  f luxes and thereby obtain the  d i f -  
f u s i v i t y ,  v i s c o s i ty ,  and thermal conductiv i ty  from t h e i r  respec t ive  
d e f in i t io n s  in F i c k ' s ,  Newton's, and F o u r ie r ' s  laws. To obtain an 






C. The Boltzmann Equation
Consider a system of  molecules undergoing an a cc e le ra t io n  F 
by each molecule. At time t  there  w i l l  be a c e r t a in  number of  mole- 
cules  in the dv dr neighborhood around ve loc i ty  v and pos i t ion  r .
This number wil l  correspond to f ( v , r , t )  dv dr .  Were no molecular  
c o l l i s i o n s  to  occur in the period of time d t ,  the  number o f  molecules 
f (v  + Fdt, r  + vd t ,  t  + dt)  dv dr would be i d e n t i c a l .  The d if fe rence  
in the  two numbers i s  brought about by c o l l i s i o n s  occurr ing during 
the time d t ,  and i s  given the  denotation (ae f / 3 t )  dv dr d t .  Se t t ing
->■ “ V
them equal and d iv id ing  by dv dr;
{f(v + Fdt,  r  + vdt ,  t  + dt)  - f ( v , r , t ) }  = dt  (1)
1 im
Dividing by d t  and taking dt-»0 y i e ld s  the Boltzmann equat ion:
3f , „ 3f + r  i f  -  ( 2)• r f + V —  + t ~ ~  -rz— \ £ )
dr dv
Placing a su b sc r ip t  i fo r  each f ,  v, and F in the equation is  
va l id  fo r  the  i th component in a multicomponent f l u id .
In the p a r t i c u l a r  case of  a one-component gas a t  equil ibrium 
with no ou ts ide  fo rce s ,
-  3 f  = 3f. _ q (3)
*  3 t
I t  can then be argued1 t h a t  su b s t i tu t io n  of t h i s  condit ion in to  the
Boltzmann equation produces the r e s u l t  t h a t  In f (v )  must be a 
c o l l i  sional in v a r ian t .  This i s  equ iva len t  to  the  Maxwellian 
d i s t r i b u t i o n :
3/2
exp (-mC^/2kt) ( 4 )
where m i s  the  molecular mass, k the Boltzmann co ns tan t ,  and T the 
temperature.
The cases of our i n t e r e s t  (and the mathematical complications) 
a r i s e  fo r  s i t u a t i o n s  o ther  than those a t  equil ibrium. For these 
s i t u a t i o n s ,  equation (2 ) must be solved in g re a te r  g e n e ra l i ty .
In order to  solve the Boltzmann equation fo r  f ,  Chapman and 
Enskog represented f  by an i n f i n i t e  s e r i e s :
and to  prevent the higher approximations from d is tu rb ing  t h i s .
molecules of no s iz e .  In t h i s  case ,  the ideal gas law is  the pred ic-
f =  i  f<*> (5)
i =0
such t h a t  f ^  »  f ^ +^ .  Addit ional r e s t r i c t i o n s  were imposed to  
force f ^  to give the proper moments fo r  the c o l l i s i o n a l  in va r ian ts
The f i r s t  approximation to f ,  f ^ ,  r e s u l t s  from a system with
t io n ,  and f ^  is  the Maxwellian d i s t r i b u t i o n .
Equation (2) can be rew ri t ten :
L ( f )  =  0 ( 6 )
where L i s  some opera tor  on f .  To solve fo r  f  i t  i s  fu r th e r  assumed
t h a t  L can be expressed
C D ^ ( o )  f ( l ) (7)
The i 1'*1 co rrec t ion  term to f ,  f ^ ,  i s  expressed
f ( 1 )  =  f ( o )  9 ( i ) ( 8 )
and equation (7) can be broken up in to  the  s e t  of equat ions
L( o ) ( f ( ° ) )  = 0 ; = 0 , e t c . (9)
The opera tor  L can be fac to red  in t h i s  way because of  i t s  form, which 
involves the expression used to model 9 f / 3 t  which i s  obtained from 
considera t ion  of the  physics of in te rmolecu lar  c o l l i s i o n s  fo r  a given 
po ten t ia l  funct ion <j)(s).
For a binary d i l u t e  gas,  the  express ion fo r  9 f . | / 9 t  can be 
w r i t ten
where k i s  a u n i t  vector  along the a p s e - l i n e ,  the  l i ne  through the 
molecules a t  po in t  of  con tac t .  The prime is  used to in d ic a te  the  
condit ion a f t e r  c o l l i s i o n ,  k ^  and k12, corresponding r e sp ec t iv e ly  
to  l i ke  and unl ike  p a r t i c l e s  c o l l i d in g ,  are  funct ions  of k and G,
3ef l / 3 t  ' I f ( f , f l ' '  f V  kl l  dkdvl
( 10)
J b
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the  mass average v e lo c i ty  of the two p a r t i c l e s .  The exac t  func­
t iona l  form of  k . .  i s  dependent on the po ten t ia l  funct ion chosen.
The in te g ra t io n  i s  the re fo re  over a l l  poss ib le  angles and v e lo c i t i e s  
a t  which the in te r s e c t i n g  molecules could meet and rebound.
The use of the terminology in equations (6-9) allows the 
approximation of the  average of  some property x =
= o . 1 _< x > = < x  > + < x > =
f xf (o) dv + f xf^ o) dv ( 11)
The Boltzmann equat ion,  solved by t h i s  method, y i e ld s  expressions 
fo r  the t r a n s p o r t  p ro p e r t i e s .  For a d i l u t e  hard-sphere gas of only 
one component, the  thermal conduct iv i ty  XQ can be w r i t ten
x .  J 5  ( k V 2 (12)
64a
This comes from the equation fo r  the heat  vector
= |  f  C2Cf dv (13)m  SJq
and x i s  defined,  fo r  any system, from F o u r ie r ' s  Law
’ J„  = - X 4  (14)
q sr
S im ila r ly ,  to obtain an expression fo r  the v i s c o s i ty  o f  a d i l u t e
t
hard-sphere gas, n ^ ,  the pressure  tensor  P i s  expressed:
J O
P = n m  C C f d v  (15)
3=
A l t e r n a t i v e l y ,  s i n c e  P i s  g iven  by e q u a t i o n s  ( I . C . 2 )  and ( I . C . 3 ) ,  
t h e  f o l l o w in g  can be fo rm u la t ed  f o r  nQ.
_ 5 , k m l \ 1 /2  , 1 c x
n° - 1 ^ 7  <— > <16>
For a d i l u t e  b i n a r y  gas m ix tu r e ,  t h e  e x p r e s s i o n s  f o r  thermal 
c o n d u c t i v i t y  and v i s c o s i t y  in  t h e  f i r s t  app rox im a t ion  a r e  th e  
f o l lo w in g
X1 ^2 
_ R1 *10  x7 *  R2 A20 X1 4 R12
x X (17)1 2
R1 x ^  + R2 3Tj" + R12
x -i o m-iA Xp p rripA p p o
—  (4 + ST-) + -T- (4 + + + c r —  + 2 (4 -  A)
*2  ̂ 1 1 10 20 
n -  I  mTA x l  o riuA (18)1 (2  . 1 w  , 2 / 2 , 2 x , E , 4A
(•3 + m ) / fl in + V (•} + m //Hon „x2 3 m2 10 x^ v3 m-j ; /  '20 2r|q0n20 3E ^1^2
where
R12 = 3(Mr M2 ) 2 (5-4B) + 4M1M2A(11-4B) + 2F2/A1qa20 (19)
R '12 = 2F{F/A1q + F/A2q + (11-4B-8A) M] Mg} (20)
R. = F(6Mj2 + 5M.J2 -  4M.2B + 8 1 4 ^ ) / \ }Q (21)
Mi = V V  mo = ml + m2" ( 2 2 )
For a hard sphere,




The double sub sc r ip ts  ( io)  on A and n r e f e r  to  values fo r  d i lu t e  
pure species  i ,  given by equations ( 12) and (16).
In the case of a binary f l u i d ,  i f  the average species  v e lo c i t i e s
—y
u.* are  not equal ,  the species  d i f fu se  r e l a t i v e  to one another . In 
the Chapman-Enskog theory,  t h i s  d i f fe rence  in v e lo c i t i e s  serves
as the  basis  fo r  a d e f in i t i o n  of the  d i f f u s i v i t y  I f  the number
- >  ->■ 
average ve loc i ty  u* is  taken to be ug , then the  average pecu l ia r
~y
v e lo c i t i e s  r e l a t i v e  to u are
(26)
D12co and D / co a re  defined by
< Cj* > - < c2* > = - ( 2 7 )
-y
where d-j2 i s  given by
rOThe thermal d i f fu s io n  r a t i o  k j  i s  then given as the r a t i o
D^°/D co 1 12 *
For a b inary  d i l u t e  gas of hard spheres ,  the f i r s t  approxima-
COt ion  of i s  given
,  kT(m,+m? ) 1/2
D12 0 ■ r r - 2  <29>
8na-|2 * 4
the f i r s t  approximation to the  thermal d i f fu s ion  r a t i o  i s
i, co - * ( r  i \  X1S1 ~ X2S2
T “ 5 (0 -1 } Q1x1/ x 2 + Q2x2/ x 1 + Q12 (30)
where fo r  i f- j
Si = Mi 2E/n10 “ 3Mj (MJ" Mi ) " 4Mi Mj A (31)
Qi = (Mi E/T110) {6Mj 2 + ( 5“4B)Mi 2 + 8M.MjA} (32)
Q12 = 3(Mr M2 )2 (5-4B) + 4M1M2A(11-4B) + 2E2M1M3/ n 10n20 (33)
The above d e r iv a t io n ,  due to Enskog and Chapman, i s  based on the assump­
t ion  of property  t r a n s p o r t  occurring due to molecular movement over 
d is tances .  This assumption entered the der iva t ion  via  the expres­
sion used to s u b s t i t u t e  f o r  the  r ight-hand s ide  of equation (2 ).
For a d i l u t e  gas, the express ion of  3 f / 3 t  takes in to  account 
only the k in e t i c  con tr ibu t ion  to t r a n s p o r t .  Figure I I . 7 i l l u s t r a t e s
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the k in e t i c  and c o l l i s i o n a l  con tr ibu t ions  to t r a n s p o r t .  Molecule 
1 t r a v e l s  from A to  D where i t  c o l l id e s  with molecule 2. The k in e t ic  
c on tr ibu t ion  takes place via the  actual  motion of  the molecule between 
c o l l i s i o n s  which corresponds to the  arrow (BC). Col l i s iona l  t r a n s p o r t  
occurs over the  dis tance  between centers  a t  c o l l i s i o n  (DE) fo r  
momentum and energy t r a n s f e r .  In a d i l u t e  gas, the d is tance  BC 
is  much g re a te r  than DE and th e re fo re  the assumption of only k in e t ic  
t r a n s p o r t  i s  va l id .
Dense f l u id s ,  however, a re  sub jec t  to  g r e a te r  c o l l i s i o n a l  t r a n s ­
por t  because BC i s  on the order of DE. Therefore,  Enskog extended the 
above de r iva t ion  to  include c o l l i s io n a l  e f f e c t s  in pure dense f l u i d s .
For y = p/nkT-1, the separa te  e f f e c t s  of c o l l i s i o n a l  and k in e t ic
2
con tr ibu t ions  to thermal conduct iv i ty  and v i s c o s i ty  can be expressed
\ l n e t i c _ ^  = 1  3 (34)
*obo y  5
X.c ° U t s 1o n a l l g 3 (1 + 3 y ) + 3| x  ( 35 )
0 0
' W t i c . V , 1 + 2 ( 3 5 )
i o bo y  5
^ c o l l i s io n a l  y _ 2 A 2 ■, . 48y / 37\
 T b --------------- 5 11 + 5 y) + 257 13710 0
V is  the to ta l  volume of the  system and bQ i s  the hard-sphere second 
v i r i a l  c o e f f i c i e n t .  The t o t a l  t r an sp o r t  property i s  obtained by
summing the k in e t ic  and c o l l i s i o n a l  co n t r ib u t io n s .  This p a r t i c u l a r  
form of expressing Enskog's r e s u l t s  has the  advantage t h a t  y has the 
s ign i f icance  of being expressed by the Pressure equat ion:
The so lu t ion  to the Boltzmann equation by Enskog's method has 
been generalized to  dense binary hard-sphere f l u id s  by H. H. Thorne. 
Although his complete work has never been publ ished ,  a summary is
For a binary mixture, there  are th ree  d i f f e r e n t  p a i r  i n t e r ­
a c t io n s :  1-1, 1-2, and 2-2. For each i n t e r a c t i o n ,  the re  i s  a
d i f f e r e n t  rad ia l  d i s t r ib u t io n  th a t  i s  a funct ion of composition. 
They are  designated g ^  , g22 , and g^2 .
For i f  j ,
(38)
3
given by Chapman and Cowling.
9i i
+ . . (39)
where
a '\2 ^°11 + a 22 ^ (40)
I f  £ i s  the to ta l  molecular volume f rac t io n
( 4 1 )
the  pressure  equation gives an express ion fo r  g^.
9 i f  - 1 ( 1  4 )  + f f  n j a j j *  ( o n - . j j ) }  ( l - O ' 2 (42)
4
and the Percus-Yevick approximation y ie ld s
g12 '  ( a 22gl l  + CTl l g22^/ 2 a 12 ^43^
The thermal conduct iv i ty  to the  f i r s t  approximation i s  found
to be n n
_ 9 a- l - l XAYA Ya x2
75 k2T ^a- l - l  x2 ml (m1m2) 1/2 11 m2 X1̂
912 ^an  a- i - i  '  a i - i 2 )
4. n29 / i 3̂t \1/2  -1/2 2n 4 , -1/2 2 „ /+ n 2 ( itk T) {m-| x-j 9 ] ]^ ] ]  ^2 x2 ^22 22
2 (8M1M2/ mo ) 1/2  X1x29l2a l 24}/3  (44}
where
= (1 + 2Trn^a-j-|3 g - j i / 5  + 8M-|M2 Trn2 a- |2 3 g-|2 / 5 )
anc* Ya i s  s im i la r  with the  subscr ip ts  reversed,  
The a ' s  are  given by
X1 gl la,, = ani' + — —— a-n 1' 11 11 Xrj g 22 11 ( 4 6 )
f or
a ^ '  = 5kT{(6M12+5M22 )/4-3M22/5+4M1M2/5}/M1E (47)
and
a n "  = 5kT/2n10 . (48)
' -1 -1  -  z - l - l '  + x 7 g ^  a - l - l "  <49>
where a -j -j' i s  given by equation (47) with the  subscr ip ts  reversed 
and a ^ ' by equation (48) with n2g su b s t i tu t e d  fo r  n-ig. F in a l ly ,
a-|_i = -5(M1M2) 1/2kT(27/20)/E (50)
S im i la r ly ,  fo r  v i s c o s i ty ,
b -i ,X 2 (-p)-2b-, ,X Y +bn Y 
5kT ” n 2 n n n 1
2gl 2 (bl l b- l - l  " bl - l 2)
+ n24(TrkT)1/ 2{m11/ 2x12g11a 114+m21/ 2x22g22CT224
+ 2(2moM̂ M2) ^ 2XiX2g-|2a-|24 }/15 (51)
Xn = ( l + 4TTn1 a 1 1 3 g 1 -1/ l 5 + 8 M 2 Trn2 a 1 2 3 g 1 2 / 1 5 ) (52)
4 0
and Ŷ  merely reverses  the subscr ip ts ,
bn  = bn '  + § i ^ bu "  ' 53>
where
*11' ~ 5kT(3 + 5M-j^E
2 2M2
Z w r  (54)
and b-j ' 1 = a-j  ̂ ‘ 1.
Xp9 pp
-1-1 = b- l - l '  + (55)
where b  ̂  ̂ "  = a  ̂ 11' and b corresponds to equation (54) with 
the species su b s c r ip t s  in terchanged.
b_-|_i = -4kT/3E (56)
The d i f fu s ion  c o e f f i c i e n t  i s  r e l a te d  to the  d i lu t e  value
D co 12
D12C = D12CO/912




Ay = -lOX] ( ^ - )  e+8 ^ ( ^ ) ( J - )  t J L T (59)■ V / '  *2 g22 , 2 r  * 1 ^  ” l
Bj = lOx^
1 / 2 ,o X1 gl l  r 2 ^2 ,1 J /2  M2 
a+ 8  3̂  W  ( M7 } + /2
y (60)
and
CT a + 8 Xr
? 2 1 1/2 
912 T F ^  V
Xn 9 o o  
3 + 8 —  —==■ 
X1 g12





XT 1 + 5 gl l xl T + ■j- M-j ̂ 2^12X2 ̂  + r^
v, * 
3 1 ( 6 2 )
Yy 1 + j; 9?c>X0Y3 V1 , 65 y22 2 v 5 Ml M2912xl ^ 1+r^
3 V1 (63)
C = ^  |(6M-,2+5M2) 2 - |  M22 + f  M,M2 ( ^ ) 1/2 (64)
Y = —  M, M9 
/2  1 2
(65)
and y is  given by equation (64) with reversed su b s c r ip t s .
The so lu t io n  of  the Boltzmann equation y ie ld s  expressions fo r  
the mixing laws of  the  t r a n s p o r t  p ro p e r t i e s .  A p a r t i c u l a r  case of 
i n t e r e s t  to which the Thorne equation might be applied i s  a d i lu t e
suspension of  macromolecules. For the v i s c o s i ty  of  polymer so lu ­
t io n s ,  there  e x i s t s  a considerable  bas is  of  theory from f lu id  
mechanics, notably the  Einste in  equat ion.  Before comparing the 
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CHAPTER I I I .  POLYMER SOLUTIONS
A. Einste in Equation Derivation
Although the major t h r u s t  of t h i s  work deals with the examina­
t ion  of k in e t ic  theory as applied  to  the ca lcu la t io n  of  t r an sp o r t  
p r o p e r t i e s ,  much important work in t h i s  f i e l d  has been done in f l u id  
mechanics. The Eins te in  equation fo r  v i sc o s i ty  of a d i lu t e  suspen­
sion of macropart ic les  i s  exac t ly  such a r e s u l t .  A synopsis of i t s  
o r ig ina l  de r iv a t ion  f o l l o w s J  y
A small region G in a l iqu id  i s  considered such th a t  l in e a r  terms
in a T aylor 's  s e r i e s  are  a l l  t h a t  need be used.
The l iqu id  in G i s  regarded as moving with the superposi t ion  of 
th ree  simpler motions:
1. A p a r a l l e l  displacement of a l l  the p a r t i c l e s  of the l iqu id  
without change of t h e i r  r e l a t i v e  p o s i t ion .
2. A r o ta t io n  of the l iqu id  without change of  the r e l a t i v e  
po s i t io n  of the p a r t i c l e s  of the l iqu id .
3. A movement of d i l a t a t i o n  in three  d i re c t io n s  a t  r ig h t  
angles to  one another ( the p r in c ip le  axes of d i l a t a t i o n ) .
Imagine a spherical  p a r t i c l e  being placed in G, i t s  cen ter  a t  a 
p lace ,  which fo r  convenience, we specify  as the o r ig in .  Assuming 
n e g l ig ib le  k in e t ic  energy both fo r  the sphere and the l iqu id  bulk 
and assuming a no -s l ip  cond i t ion ,  we see th a t  the t h i rd  motion is  
changed by the presence of the p a r t i c l e .
In i t s  absence, the motion of the l iqu id  could be expressed
5 0
u0 = A x 
vo = B y
w0 = c z
W  I
(1)
where (x ,y ,z )  a re  the coordinates  in the  p r in c ip le  axes of d i l a t a ­
t io n  and (u0 >v0 >w0 ) the  respec t ive  components of ve lo c i ty  of d i l a t a ­
t io n  „ The constan ts  A, B, and C due to the incom press ib i l i ty  of 
the  l i q u i d ,  obey
A + B + C = 0 (2)
At a large  enough d i s t a n c e ,  the  components of the l i q u i d ' s  v e lo c i t i e s  
must approach the v e lo c i t i e s  (u0 ,v0 ,wQ). Therefore ,  i f
u = A x + u-j
v = B y + v.| (3)
w = C z + w-j
the v e lo c i t i e s  (u-j,v-j,w-|) must vanish as the d is tance  s from the 
cen te r  as the  sphere gets  large  r e l a t i v e  to  the rad ius .
Using the equat ions of motion and c o n t in u i ty ,  we know
! L = y u ; ! =nV V H = n V 2w (4)
and
Since (u,v,w) and ( u0 >vo ,wo ) must both s a t i s f y  equations (4) 
and (5 ) ,  the f a c t  th a t  the equations a re  l i n e a r  implies (u-|,Vi,w-|) 
must s a t i s f y  them as well .
This leads to -a  so lu t ion  of  the  form
P - - f n  ( f ) 3 + cons t .  (6 )
(7)
,, _ r  -r 5 /Cr\3 r Z 3D
w '  C z - 3 ¥
where
2 3Z(1)
n  =  a  ) 5  f a v 3  9 l s  I  ,o_\5 _ _ V
(2 ) sx2 6 <2 ) ax2
2 32 (—1, 0 ^ 5  , a \ 3  3 s 1 ,a>,5 V
2 32 (—)
+ C i t © 3 ^ f  + £ ( f ) 5 - ^ M  (8)
E inste in  then argues t h a t  t h i s  i s  the so le  poss ib le  form of the
so lu t io n ,  a f a c t  which we wil l  accept without  proof.
Next, pos tu la te  f u r th e r  a control  volume spher ica l  in shape
work done per u n i t  time on th a t  control  volume by the  pressure  in 
both cases--when the i n t e r i o r  sphere i s  p resen t  and when i t  i s  not .  
The viscous d i s s ip a t io n  of  energy caused by the  p a r t i c l e  can then 
be ca lcu la ted .  Let the components of p ressure  exer ted  on the 
control  volume X, Y, Z be given by
5 5with radius R »  a . I t  is  poss ib le  to c a lc u la te  the mechanical
X = 4  (X]X + X2y + X3z)
V = ~  (Y1X + V  + Y3z) (9)
Z = 4  ( Z1X + z2y + Z3z )
where
X1 = p ■ 2n t x
The work i s  then
( 1 1 )
where dS i s  a d i f f e r e n t i a l  element of  the surface  of the control 
volume and the in te g ra t io n  i s  over the e n t i r e  su r face .
o<+
Evaluating the in tegrand and ignoring any terms in which the 
r a t i o  i s  ra i sed  to a power g re a te r  than three  gives
Xu + Yv + Zw = (A2x2 + B2y2 + C2z2)
- 5n (A2x2 + B2y2 + C2z2) 
8s4
3
+ 15n ^  (Ax2 + by2 + Cz2) (12)
8s
Performing the in te g ra t io n  with the sphere y ie ld s
W = 8irR3n 62 + |  u ( | ) 3n <52 = 262n(V + | )  (13)
where 6 = A2+B3+C3 and V and $ represen t  the volume of the control 
volume and spher ica l  p a r t i c l e  r e sp ec t iv e ly .  With a u n i t  to ta l  
volume V becomes 1 and $ becomes <j> the volume f r a c t io n .  Without 
the sphere (<j> = 0 )
W = 262nV (14)
2
The d i f fe ren c e ,  th e re fo re ,  is  6 n<i>-
For the case of m ult ip le  spheres in suspension, the s i t u a t i o n  
i s  more complicated. I f  the cen ter  of the  sphere i i s  represented 
( c ^ T - , 4 . )  then t r a n s l a t i n g  the axes to the sphere ' s  cen te r  
gives
Now i f  there  are  n spheres in a un i t  volume such th a t  t h e i r  
volume f r a c t io n  <f> i s  small ,  we can obtain expressions fo r  (u ,v ,w) ,  
neglect ing higher order terms, by summing con tr ib u t io n s :
b b
w = Cz - 2  
i=l
n
We can see t h a t  each sphere con tr ibu tes  to  the work loss and 
a gene ra l iza t io n  of equation (13) gives the  work W* of the mixture.
I f  the  mixture i s  then considered as a pseudo-homogeneous l iq u id ,  
we can speak of i t s  p r in c ip le  d i l a t a t i o n  A*, B*, C* d i f f e r e n t  from
those of  the suspending l iq u id  A, B, C. Rewriting equations (16) in
the  form
u = Ax + E u.
v = By + E v i (18)
Z = Cz + E Z •
then,  considering only A* fo r  the  moment,
W* = 2S2n (1 + <j>/2) (17)
A *  = ( M )
x = 0
( 1 9 )
Of
Assuming t h a t  we are  not c lose  to  the sphere i the  express ion 
fo r  u s im p l i f i e s  and
C 3 ^ ( A e -2 + BT, 2 + C^2 )u. - 5 _2_ _J--- ]------ 1---------  (2(J)
1 L 8 r i r /
and analogous expressions fo r  and w.. with
r i 2 = S *  + Ti 2 + £  (21)
Approximating the summation by an i n t e g r a t i o n ,  we obtain
f *uiA* = A - n J  d£. dTi d^.
= A - n f  dS (22)
r i
Performing the in te g ra t io n  over the surface  of a control  volume 
of radius R gives
3
A* * A - t  ^  n f x02 ( A x /  + By02 + C z / )  dS
2 8R6
= A (1-*) (23)
and
B* = B (l-tj))
C* = C ( I -* )
analogously. I f  we consider  once again our mixture to  be a l i q u i d ,  
we have shown
W* = Z S*2 n*  (24)
2
where n* i s  the v i s c o s i ty  of the mixture and S* is  given as the sum
of the squares of the d i l a t a t i o n s  A*, B*, and C*.
2
In approximation, th e re fo re ,  S* can be given from equat ion (23)
6*2 = <52 (1 -2<f>) (25)
A combination of equat ions (17), (24) ,  and (5.25) y ie ld s  an expres­
sion fo r  n* in terms of n and cf>. Neglecting higher order terms
n*/n = 1 + 2.5<i) (26)
This i s  the Einste in  v i s c o s i ty  equat ion.
E in s te in ,
References
. ,  Annalen der Physik (4 ) ,  19̂ , 289 (1906).
B. Molecular Dimensions and Masses
The primary use of the E ins te in  v i s c o s i ty  equation i s  in the 
analys is  of polymer so lu t ion s .  We th e re fo re  take a b r i e f  look a t  
polymers.
Most polymers are  made with processes t h a t  are  unable to produce
a product of  uniform molecular s ize  and weight. Therefore, fo r  any
unfrac t iona ted  sample of polymers, the re  wil l  be a d i s t r i b u t i o n  of
weights. The average molecular weight of such a group is  non-unique
in i t s  d e f i n i t i o n .  Measuring the t o ta l  mass and the t o t a l  number of
moles y ie ld s  the number average mass. A l t e rn a t iv e ly ,  some experiments
have r e s u l t s  th a t  measure the con tr ibu t ion  of individual  molecules as a
function of t h e i r  mass. These methods, e .g .  sedimentat ion,  produce a
weight average molecular mass. A. t h i r d  method, in which we are the
most i n t e r e s t e d ,  i s  the  measurement of the v i s c o s i ty  of d i lu t e  so lu t ion
of polymers. As can be seen from Figure 111.1 ,  these  methods can
produce d i f f e r e n t  r e s u l t s  for  molecular weight in a d i s t r ib u t e d  sample.
Often, there  are several s iz e  parameters of i n t e r e s t .  The
f u l ly  extended length of polymer chain is c a l led  i t s  contour length.
~2
The mean square radius  of gyrat ion s i s  defined as the average d i s ­
tance of a l l  p a r t s  of the polymer from i t s  cen ter  of g rav i ty .  The
~2
mean square of the  d is tance  between the ends i s  denoted a .
The above d e f in i t io n s  apply to any condit ions  fo r  the polymer
1 -4molecules. Of p a r t i c u l a r  i n t e r e s t  i s  the s i t u a t i o n  when the polymer 
i s  unperturbed ( i . e .  the arrangement of the  polymer follows a random
 7"
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an unperturbed s t a t e .  I f  x r e f e r s  to  the  number of monomer segments 
in the polymer cha in ,  then
This ,  in turn  implies th a t
s Q2 cc m (2 )
2
or th a t  s Q /m i s  a c h a r a c t e r i s t i c  constant  fo r  a given polymer inde­
pendent of ou ts ide  f a c to r s .
The typ ica l  polymer so lu t ion  is  not idea l .  There are thermo­
dynamic e f f e c t s  of mixing which come about from the in te r a c t io n  of 
the  so lvent  with the polymer. These in te r a c t io n s  cause an elonga­
t ion  of a polymer chain from i t s  unperturbed or random s t a t e .  The 
expansion f a c to r  a i s  defined
2 _ _2 . 2 /o\
a /  o ^
Assuming a good so lv e n t ,  the expansion occurs because the  chain can 
extend p r e f e r e n t i a l l y  from i t s  cen ter  in to  areas where the polymer 
chain i s  not .  Therefore, there  i s  an "excluded-volume" assoc ia ted  with 
the  polymer chain in non-ideal s i t u a t i o n s .  3 , the excluded volume, 
can be given by the  in teg ra l
B = 4ir /  [1 - g ( s ) ]  s 2ds (4)
Where s i s ,  fo r  t h i s  equa t ion ,  the  separa t ion  d is tance  between 
polymer segment p a i r s .
0 4
References
[1] Chandrasekhar, S . ,  Rev. Modern Phys. ,  15, 3 (1943).
[2] Rayleigh, Lord, P h i l . Mag. 37, 321 (1919).
[3] Flory,  Paul J r . ,  P r inc ip les  of  Polymer Chemistry, Cornell Universi ty
Press ,  I thaca ,  New York (1953).
[4] Berry, Guy C. and Edward F. Casava, Macromolecular Review 40, 1 (1970).
6 5
1 2C. Thermodynamic Effects  and Theta Temperature *
In an ideal so lu t io n ,  the p a r t i a l  pressure  i s  proport ional  to  
the molar f r a c t i o n .  This means t h a t  the  Gibb's f r ee  energy of 
mixing is
AGmix = In x-j + x2 In x2 ) ( 1 )
And since AH . = 0 fo r  an ideal so lu t io n ,  the entropy of mixingill IX
is  given
AS = -Nk(x-j In x-j + x2 In x2 ) (2)
Since t h i s  i s  always p o s i t i v e ,  the  mixing should always occur 
spontaneously.
3
In the Flory-Krigbaum theory to model actual  polymer s o lu t io n s ,  
the p a r t i a l  molar en tha lpy ,  entropy,  and f ree  energy of the i n t e r -  
molecular i n te r a c t io n s  take in to  account the e f f e c t s  of excluded 
volume. I t  can be shown th a t  the excess p a r t i a l  molar p rop e r t ie s  of 
the solvent  (above the idea l)  are  dependent on the volume f r a c t io n  of 
the polymer <j>2 to  the second and g rea te r  powers. The app l ica t ion  
to  a d i lu t e  so lu t ion  allows one to  neglect  the higher order terms 
to  a r r iv e  a t  the expressions
AH] = R T <j>22 




AG-j -  (jji - jj-j )^ ~ R T (k-j - 4>-j) >̂2^ (5)
where the terms on the  l e f t  are  p a r t i a l  molar q u a n t i t i e s ,  ji i s  the 
chemical po ten t ia l  where j^ 0 r e f e r s  to  the pure solvent  and the sub­
s c r i p t  E r e f e r s  to  the  excess quan t i ty  and k-j and ^  are cons tan ts .  
I f  9 i s  defined as the " idea l"  temperature:
0 = ( 6 )
then
k., - ^  ^  (0/T - 1) (7)
Therefore, a t  T = 0 the excess chemical po ten t ia l  of mixing is  zero 
and the so lu t ion  behaves as i f  i t  were id e a l .  At t h i s  Theta tempera­
t u r e ,  molecular  in te r a c t io n s  causing excluded volume e f f e c t s  (e .g .
o
perturbing s q ) a re  non-ex is ten t .
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D. I n t r in s i c  Viscosi ty
One of the methods of  c h a rac te r iza t io n  of  a d i l u t e  polymer 
so lu t ion  i s  by the  value of  i t s  i n t r i n s i c  v i s c o s i ty  [n] which i s  
a measure of the con tr ibu t ion  of individual  polymer molecules to  the 
v i s c o s i t y J
I f  n represen ts  the v i s c o s i ty  of the  so lu t ion  and n-j the 
v i s c o s i ty  of the pure so lv e n t ,  the s p e c i f i c  v i s c o s i ty  n i s  given
nsp = n/n, - 1 ( 1 )
which can be used to  define the  i n t r i n s i c  v i s c o s i ty  
1 im
Cn] = c 2-*0 n s p / c 2 ( 2 )
To obtain the i n t r i n s i c  v i s c o s i ty  from t h i s  d e f i n i t i o n ,  some function 
o f  s p e c i f i c  v i s c o s i ty  must be p lo t ted  versus concentra t ion  c2 and 
ex trapo la ted  to zero concentra t ion .
One re l a t io n sh ip  between the v i s c o s i t i e s  and concentra tion was
2given by Huggins:
nSp /c2 = [n] + k' [n ] 2 c2 (3)
The slope constan t  k' t y p ic a l l y  va r ie s  between 0.3 and 0.5 and i s  a 
c h a r a c t e r i s t i c  of a given polymer system. For f l e x ib le  chain polymers, 
the  p lo t  i s  usual ly  l in e a r  and the ex t rapo la t ion  presents  no problem.
3
In o ther  cases ,  another equation is  used, sometimes in conjunction
6 9
w i t h  e q u a t i o n  ( 3 )
[In (n /n - | ) ] / c 2 = [n] - e ' [ n ] 2c2 (4)
The two can be p lo t te d  on the same graph since the  same in te rce p t  
should r e s u l t  fo r  nsp/ c 2 or [In ( n /n i ) 3 / c 2 . Equation (4) i s  some­
times p re fe r red  s ince  the slope i s  l e s s  s teep .
In 1930, Staudinger4 o r i g in a l l y  proposed th a t  the reduced v i s ­
c o s i ty  (nr  = n/n-j) of  a polymer i s  proport ional  to i t s  molecular 
weight. This has been modified s l i g h t l y
[n] = K'ma (5)
where K' and a are  constants  fo r  a given polymer. They are determined 
from double logari thmic p lo ts  of  [n] vs. m. a i s  t y p ic a l ly  between 
0.5 and 1.0 . Equation (5) i s  used to obtain v i s c o s i ty  average
molecular  weights my :
mv =
|-  CO




where w.. i s  the  weight f r a c t io n  of molecules with mass m... Since 
the number average,  weight average, and v i sc o s i ty  average masses are 
a l l  approximately equal for  a f r ac t io n a te d  sample (m^ = = m^) the
constan ts  in equation (5) can be evaluated with any average mass 
ca lcu la ted  from a f rac t io n a te d  sample.
7 0
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1 2E. Einste in  Equation Analysis *
In a system obeying the Einste in equat ion ,  the  s p e c i f i c  v i s c o s i ty  
nsp i s  given by
which, i f  the polymer i s  regarded as a hard sphere,  can be w r i t ten
This i s  t ru e  assuming no molecular void space i s  assoc ia ted  with the 
macromolecule. I f  C£ = n2m2 , then
I t  should be noticed th a t  the  i n t r i n s i c  v i sc o s i ty  fo r  an Einste in
with respec t  to C2 as C2 approaches zero.
I f  we assume th a t  the macromolecules in quest ion a l l  have the
molecular s iz e .  For the case of macromolecules t h a t  are  s t r a i g h t
(3)
f lu id  can be given by the simple r a t i o  nsp/C2 s ince i t  is  constant
O
same densi ty  then m2 °= and Cn] i s  t o t a l l y  independent of
3 4chain polymers in a Theta solvent  we have seen ’ t h a t
s 2 ,  2
0 / m2 = s /m2 = a constant  fo r  a
p a r t i c u l a r  polymer e  k (4)
7 2
?
I f  we id e n t i fy  the  mean square radius of gyration s with the  square of
2
the radius of our spherica l  macromolecule, a ^  / 4 ,  the r e s u l t  fo r  the 
i n t r i n s i c  v i s c o s i ty  i s  as follows:
[n] -  m21/2 (5)
which i s  of the  same form as equation ( I I I .D .5 ) .  In a d d i t io n ,  i t  
can be shown th a t  fo r  a Theta solvent  the exponent of mass should 
be 0 .5 .  Therefore ,  a correspondence e x i s t s  between the behavior of 
an E inste in  f l u id  and a polymer so lu t ion  in a Theta so lven t .
The following tab les  give some i n t r i n s i c  v i s c o s i ty  r e s u l t s  fo r  
a Theta-temperature solvent  and fo r  some b io logical  macromolecules 
exh ib i t in g  roughly spherical  shape.
Table I I I .1
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Aqueous s a l t  so lu t ions
Table I I I . 2











I t  can be seen from the experimental r e s u l t s  in the  two tab les  
t h a t  i n t r i n s i c  v i s c o s i ty  i s  n o t ,  in f a c t ,  a cons tan t  fo r  e i t h e r  case .
The b io log ical  polymers e x h ib i t  nearly  constant  dens i ty  ( i . e .
3
m2 ' “ CT22 ' but t *ie 1' n t r ''n s ''c v i s c o s i ty  has a l i n e a r  dependence on 
0 ^ 2 ■ A l t e rn a t iv e ly ,  in the  case of the polystyrene a t  i t s  Theta temp­
e r a tu r e ,  although the mass goes up roughly as the square of the 
diameter ,  the dependence of i n t r i n s i c  v i s c o s i ty  on diameter i s  once 
again l in e a r .
The Einste in  equat ion ,  a good f i r s t  approximation to  the behavior 
of polymer s o lu t io n s ,  c le a r ly  leaves out a fu n c t io n a l i ty  of polymer 
dimensions. The previous ana lys is  tends to suggest t h a t  the c o e f f i ­
c ie n t  of the volume f r a c t io n  in the Einste in  equation should be 
l in e a r  with respec t  to  macromolecular diameter.
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CHAPTER IV. RESULTS
A. Mixing Laws and Excess Proper t ies
By s u b s t i t u t io n  of the Percus-Yevick approximation in to  the contact
p a i r  d i s t r i b u t i o n  terms in the Thorne equat ions ,  the  Thorne equat ions
can be solved to  y i e ld  mixing laws fo r  the  t r an sp o r t  p ro p e r t i e s .  The
r e s u l t s  fo r  t h i s  sec t ion  deal with a comparison of experimental data  and
th e o r e t i c a l  p red ic t ions  of v i s c o s i ty  and thermal conduct iv i ty  behavior.
In Chapter I ,  excess p rop er t ie s  were def ined ,  and Figure 1.1 shows
some typ ica l  r e s u l t s  fo r  thermal conduct iv i ty .  Excess p ro p er t ie s  will  be
the basis  fo r  comparison between experimental and th e o re t ic a l  f ind ings .
F i r s t l y ,  l e t  us examine the form t h a t  the mixing laws for  v i s c o s i ty
and thermal conduct iv i ty  can take .  The f u l l  Thorne equations fo r  thermal
conduc t iv i ty  and v i s c o s i t y ,  re s p e c t iv e ly ,  are  given in equations ( I I .C .44)
and ( I I .C .4 9 ) .  I t  was shown by Dahler^ t h a t  the f i r s t  term of  equation
(I I .C .44)  a r i s e s  from the d i s t o r t i o n  of the  ve lo c i ty  d i s t r i b u t i o n  from
the Maxwellian r e s u l t  while the  second term is  the  con tr ibu t ion  of  the
lo c a l ly  Maxwellian d i s t r i b u t i o n  to the c o l l i s i o n a l  con tr ibu t ion  to thermal
2
conduct iv i ty .  He l ikewise  showed th a t  the Longuet-Higgins, e t  a l . r e s u l t ,  
given by the following:
Amix = ° kny ( kT/ Tr) 1/ 2 [ x12' V 1/2 +
4x-jX2 {2m-jm2 /(m.] + m2 ) 2 } ^ 2 + x2 m2 ~ ^ 2 ]  ( 1 )
O
was general ized by Kandiyoti and McLaughlin by using the second term of  
the Thorne equat ion.  Their r e s u l t ,  fo r  d ispa ra te  s ize  molecules i s  given by
+ R-1/2 x22g22r4] (2)
where g^0 rep resen ts  the rad ia l  contact  p a i r  d i s t r i b u t i o n  fo r  pure 
species i .
An analogue fo r  v i s c o s i ty  to the expression fo r  thermal conduct iv i ty
3
was a lso  proposed by Kandiyoti and McLaughlin :
V 2 g i 2 ( 1  + r ) <
1 gi
+ R1^2 x22g22>'4] (3)
I f  a volume f r a c t io n  ^  i s  defined by <J>.j = x ^ v ^ / v ^ ,  where 
r e f e r s  to  the volume f rac t io n  taken up by the molecules in a system of 
pure species i ,  and = g ^ / g ^ 0 , equations ( 1 ) and (2 ) can be r e ­
arranged^ in to  pseudo-quadratic mixing laws:
\nix 1̂̂ 1- 1̂ ^1 2̂̂ 12 2̂̂ 2 2̂
2 2 
'"'mix -  ^1^1 ^1 ^ 1^2nl 2 ^2^2 ^2
This d e f in i t io n  of <f>., a r i s in g  n a tu ra l ly  from equations (2) and (3 ) ,  
corresponds to  volume f ra c t io n s  based on the volumes of the pure f lu id s  
r a th e r  than the p a r t i a l  molecular volumes—another poss ible  d e f in i t i o n .  
The cross-term c o e f f i c i e n t s  are  given by:
n12 = 4n
A =  i1 2  9 (6)
(7)
The values fo r  the pure components, Â  and > can be c a lcu la ted  using 
equations (6 ) and (7 ) with a l l  of  the molecules i d e n t i c a l l y  species i .
Although quadra t ic  in appearance,  there  i s  a hidden compositional 
dependency in the G . ' s  which prevents  equat ions (4) and (5) from being 
t r u ly  quadra t ic .  However, they do in d ica te  why, p a r t i c u l a r l y  fo r  l i q u id s ,  
a quadra t ic  type formula might f i t  the experimental da ta  well.
In actual  f a c t ,  when equation (1.1)  i s  applied to  the thermal con­
d u c t iv i ty  of a C41-J - CgHg mixture a t  20°C, the  cross- term c o e f f i c i e n t ,  
A-J2 * var ies  from .811 to .997 when the mole f r a c t io n  of CgHg var ies  from
r  C
0.8551 to 0.1359. * I t  is  c l e a r  t h a t  a purely quadra t ic  mixing law is  
not adequate to descr ibe experimental behavior.
Before comparing the r e s u l t s  of  Kandiyoti and McLaughlin with e x p er i ­
mental r e s u l t s ,  l e t  us examine another proposed mixing law.
Moelwyn-Hughes"7 proposed a compositional formula t h a t ,  fo r  a s t r i c t l y  
regular  so lu t io n ,  can be w r i t ten
n .°  is  the number dens i ty  of  pure species  i .
Qmix " (X1Q1 + x2q2 ^ ] “ xl x2 kT ( 8 )
where w is  the "interchange energy."  The interchange energy is  one-ha l f  
the change in po ten t ia l  energy occurring when two molecules, one each
O
from two pure l a t t i c e s  ( l iq u id  or c r y s t a l l i n e )  are  interchanged.
For the p a r t i c u l a r  case of thermal c o nduc t iv i ty ,  the excess property 
i s  given by
(9)
Given t h i s  mixing law, the excess thermal conduct iv i ty  should e x h ib i t  the 
same a r i thm et ic  sign as the interchange energy. Yet, there  are  various 
so lu t io ns  which show p o s i t iv e  and negative dev ia t ions  from Raoult 's  Law-- 
t h e r e f o re ,  p o s i t iv e  and negative interchange ene rg ies - -b u t  which a l l  have
tu re s  t e s t e d ,  f i f t y  showed negative excess thermal c o n d u c t iv i t ie s .  The 
nine t h a t  were p o s i t iv e  could a lso  have been negative within experimental 
e r r o r .
and mass in to  account and considering only the c o l l i s i o n a l  con tr ibu t ion  
to  t r a n s p o r t  could success fu l ly  p red ic t  t h i s  r e s u l t .  Because volume 
f r a c t io n  i s  the compositional va r iab le  in equation (4 ) ,  i t  was con­
venient  to  define the  excess thermal conduct iv i ty  in terms of the 
volume r a th e r  than the mole f r a c t io n :
5
negative excess thermal c o n d u c t iv i t ie s .  In f a c t ,  a review of experimental
g
work done by Jamieson and Hastings reveals  th a t  of the  f i f t y - m n e  mix-
5
Equation (4) was analyzed to  see whether a model taking only s ize
Xxs Xmix “ V l  " h h  ' ( 1 0 )
Two cases were considered,  r e s t r i c t i n g  r ,  the  s ize  r a t i o ,  to  un i ty ,  and 
bounding a l l  v a r iab les  within  a region.
/9
Case 1 r  = 1
Because the  s izes  of the molecules are  the same, the r ad ia l  con­
t a c t  p a i r  d i s t r i b u t i o n  funct ions are  the same and the 6 . ' s  are  un i ty .  
To f u r th e r  s implify  m a t te rs ,  a p o s i t iv e  constant  was fac tored  from 
each term in the  equation giving the excess thermal conduct iv i ty .  The 
r e s u l t  i s  a "reduced" excess thermal conduct iv i ty  A which has the
X b l
same a r i thm et ic  sign as A and which is  given by the following:
Every physical  mass r a t i o  i s  represented when R var ies  from zero through 
un i ty .  Values fo r  A were computed s t a r t i n g  with R = 0.05 and fo r
A  J  I
every increment of  0.05 through un i ty .  All were negative.
Case 2
For the purposes of t h i s  a n a ly s i s ,  macromolecules were excluded 
from cons idera t ion .  Consequently, a reasonable range of va r iab le s  was 
f e l t  to  be as fol lows:  r  from zero to  one, R from o n e - f i f t y  to  f i v e ,  x-j
from zero to  one, and pvv-|*/kT from one to  f iv e .
Because r  i s  not r e s t r i c t e d  to u n i ty ,  c e r ta in  fac to r s  constant  in 
the  previous case must appear as va r iab les  here. Simplifying as much 
as p o ss ib le ,  another  "reduced" excess thermal conduct iv i ty  can be 
expressed as follows:
Axsr ~ ‘f’-j (G-|‘f’l ■ 1 ) ( ~ g - | ° R 1/2 + 4>2 (G2^2 “ ^
(12)
Once again ,  A i s  o f  the same a r i th m e t ic  sign as A , and fo r  a l l
XS» Xb
ca lcu la ted  va lues ,  within  computer accuracy,  Axsr  was non-pos i t ive .
In the  above s i t u a t i o n s ,  only the c o l l i s i o n a l  con tr ibu t ion  has been 
considered. The fu l l  Thorne equations have been solved with the  Percus- 
Yevick^  approximations giving r e s u l t s  t h a t  can be non-dimensionalized 
to  y i e l d ^
A _ 1 r r Al 1 Al2 1 2 A2 2 , n fr  2
17 " 5 g ^  [{: ------ 2 ~ n -------------r ; ------ 2} + QA(Ca1x1
1 12 BAlxl Al2 1x2 A2 2
+ CA12X1X2 + CA2x22 ^ / ^"^o + IT  (7 o )
gl V1
j. + 32^ „ o , V1 \ 2 t
+ 16(—25F ” ) gl (” F ) ] (13)
V1
and
2 2■l A 1X1 A i n X i X n  A q X q  q
[ { J A I ------n l i - L I -------02 2 } + p (c 2
1̂ g12 B x  + B  x x + B x  n n l l
n l  1 n l 2  1 2 V  2
+ cn l 2x1x2 + Cn2x22 ) ] / [ - L - . +  ( -^ - )
gl V1
+ g i °  i  w
V1
where
a - 2 , r + l \ 2  , 1 \ l /2  / 1C}
Al ax la Al2 ( 9 ) ( k) (15)A! Al A 2 2R(1+R)
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for
aAl '  ( 6 r2  + 5 ) / 4 " 3/5 + 4R/5
aAl2 '  1 + 12 * ]917 (“ J—)/5  + 48*2g12 ( ^ i - )  R/5 (l + R) 2 ( 17)
Also,
Aa2 aA2a A212 (V )  (2R( i +R)5 )1/2  (18^
a x2 = (6 + 5R2 )/4 - 3R2/5 + 4R/5 (19)
where corresponds to with interchanged sub sc r ip ts  and g2-j = g ^ .
$22 2 , 2 7 w r-H ,2 , R , 1/2
Al2 5g r 1/2 a Al2 ' 2 0 ' '  2 ‘ 2(1+R) 5 M2 *21
n r
9J 1  
h 2l+ 5g19R a A21 2̂0^
In ad d i t io n ,
^  = «A1
(21)
BA12 = ~ ^ T T 7 2  + (r-)V+])4
§72 1+R
(22)2 (1+R)5 20 '  2
9 ?? □ y, . 1 2 2
b x2 = # -  “ x2 ' i T 5 (-T72-> ( 2 3 )
b g 12 2 (1+R)  R 7
and
Qx = I I I  ( ^ - ) 2 / ( l  + R)1 /2  (2 4 )
Cxi = (1 + R)V2  3 n  <25>
CA12 -  2 (^ 2 )1/2  3i 2 (Xr -)4 (26)
CX2 '  9 2 2 ^  < T ) 1/2 <27>
For v i s c o s i ty ,  the various funct ions are  given as
P r +1 2 n 1 / 2
Anl = an lan12 (~2~) (2(1+R)3 ) (28)
with
-  r 2 - j l  2 X
%  - <3 + SR>
V * "3
1 \ i r  . nc„ ,r+l J
*ni2 = {1 + 8xi gn  h r ) /5  + 16x2 (2F ^
Ct5 r) 9,2 M M 75) (29)
Â 2 i s  equivalent  to A^-j, but with interchanged species  numbers and with 
the other  cons tan ts :
an2 (3 + 5 ^
vp* 3 -j
V l  = {1 + 8X2922 ( v 1/5 + , 6 x l (T n  W
g12 (̂ /5} (31>
A = ? 2 2 _ J ^ _ a 2 8_  (r±L )2 1 / 2  a a 
n l2 5g12 Rl /2  an12 15  ̂ 2 ' ^ ( 1+R)3 V l 2an21
, 911 2
5g]2 a21 (32^
B , = a , / a  2 (33)nl 5g12 nl n l2 v '
.  .. . / r + K 4 / R , , gl l g22 r 2a 1a~9 ( 9 ) ( . 9 )
■nl2 “ n l V  ' 2 '  2 ( 1 + R )  ( 5 g i , ) 2  R1 ' 2
1 2 '
- (T5)2 (E| I )4 (-----“— 3O (34)l b  2  2 ( 1 + R )
B = ^22 r  A / a  2 ( 35)
V  5 g 1 2  r 1 / 2  n 2  ri21 U b j
and f i n a l l y ,
v * 2
n -  768 ( 1 \ t * r \
Qn “ 257 >1 (36>
Cnl = 9H
c _ 2 r J / 2  , r + l  4




Cn2 = RV2 r4 922 ( 3 9 >
The Thorne equations were derived fo r  dense f l u id s .  However, in
order to  t e s t  t h e i r  a b i l i t y  to  p red ic t  excess q u a n t i t i e s  (both p o s i t iv e
and negat ive)  data  from d i l u t e  f l u id s  was a lso  used. The Thorne
equations are  app l icab le  to low densi ty  f lu id s  s ince they reduce to  the 
12Chapman-Enskog expressions fo r  d i lu t e  gas mixtures . This i s  e a s i ly  
seen because a t  low dens i ty  v^*/v approaches zero and the rad ia l  con tact  
p a i r  d i s t r i b u t i o n  approaches uni ty  reducing equation ( I I .A . 21) to  the 
v i r i a l  equation of a d i lu t e  hard sphere gas.
To compare1̂  the  experimental r e s u l t s  with the p red ic t ions  of 
the equat ions ,  a value fo r  r  must be chosen. To do t h i s ,  v i s c o s i t i e s  
from experiment,  when a v a i l a b l e ,  were equated to the  Chapman-Enskog 
hard sphere gas v i s c o s i ty  expression. This expression was then solved 
fo r  the  diameters a t  the temperature of i n t e r e s t .  I f  experimental 
data  were unava i lab le ,  v i s c o s i t i e s  were f i r s t  c a lcu la ted  from the 
Chapman-Enskog expression with 12:6 force cons tan ts .  Then hard sphere 
diameters were ca lcu la ted  to give the same values as i f  the v i s c o s i t i e s  
were actual  ins tead  of ca lcu la ted .
The r e s u l t s  fo r  the v i s c o s i ty  equation were disappoin t ing  in t h a t
no co n s i s ten t  c o r r e la t io n  with experimental behavior was observed
11 13o v e ra l l .  The data  of Trautz,  e t  a l . agree q u a l i t a t i v e l y  with the
excess v i s c o s i t i e s  predic ted  by equation (14). These data  (p r im ar i ly
fo r  mixtures of hydrogen with other  g a se s - -a l l  in the d i lu t e  phase)
a l l  e x h ib i t  p o s i t iv e  excess v i s c o s i t i e s  as do the c a lc u la t io n s .
cso
However, no simple mathematical r e s t r i c t i o n s  in the R/r plane re su l ted  
in exc lus ive ly  p o s i t iv e  excess v i s c o s i t i e s .
For the  dense f l u i d ,  the equation p red ic ts  and the data  ex h ib i t  
both p o s i t iv e  and negat ive  excess v i s c o s i t i e s .  Unfortunately ,  there  is 
no c o r r e l a t io n  between the two. Therefore ,  the s ize  and mass r a t i o s  are 
inadequate to p re d ic t  even q u a l i t a t i v e l y  the excess v i s c o s i t i e s  of 
dense f l u id  mixtures .
2
For thermal co nd uc t iv i ty ,  the  r e s u l t s  do c o r r e l a t e .  When R < r  < 1,
the excess thermal c o n d u c t iv i t ie s  as ca lcu la ted  by equation (13) are a l l
n ega t ive ,  seemingly fo r  a l l  values of p ressure .  In the d i lu t e  gas
14phase, those mixtures quoted by H i r sc h fe ld e r , C u r t i s s ,  and Bird a l l
e x h ib i t  negat ive  excess thermal c o n d u c t iv i t y . ^  As previously  mentioned,
g
the mixtures s tud ied  by Jamieson and Hastings in the l iq u id  phase 
e x h ib i t  p r im ar i ly  negative excess thermal c o n d u c t iv i t ie s .
Therefore ,  the re  i s  a high degree of q u a l i t a t i v e  correspondence 
between experimental data  and th e o re t i c a l  c a lcu la t io n s  of excess 
thermal conduct iv i ty  as ou t l ined  in t h i s  work.
8 6
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B. The Einste in  Analogue
In Section I I I .A ,  the  Einste in  v i s c o s i ty  equation was d e r i v e d J  
Because of i t s  dependence on the  assumption th a t  the suspending f lu id  
i s  a continuum, obviously the Einste in  equation is  t ru e  only in 
the  l im i t  as the  molecular s ize  of species 2 increases without  bound. 
A l t e rn a t iv e ly ,  i f  the suspended p a r t i c l e s  were iden t ica l  to those 
of the suspending f l u i d ,  no i n t r i n s i c  v i sc o s i ty  e f f e c t  would be
no t iceab le .  Unfortunate ly ,  fo r  f l u id  mechanics there  i s  no " in-
2
between." The Thorne equation fo r  v i sc o s i ty  provides an a l t e r n a t iv e  
approach to  the same problem in which the r e l a t i v e  s ize  of the 
p a r t i c l e s  plays an important ro le .
Equation ( I I I . A . 26),  the  Einste in equation ,  gives the dependence 
of v i s c o s i ty  on volume f r a c t io n  to  the f i r s t  order approximation.
I t  i s  obvious from i t s  de r iva t ion  th a t  equation ( I I I . A . 26) i s  but 
the  t runca t ion  of a power s e r i e s  in volume f rac t io n  which can be 
wri t ten
3
The Einste in  r e s u l t  shows K-| to  be 2.5 and l a t e r  work suggests th a t
2
l<2 i s  of the order  of K-j .
The questions which t h i s  work se t s  out to  answer are  "Do the Thorne 
equations provide a counterpar t  to  the Einstein equat ion ,  and, i f  so ,  
what form might i t  take?"
89
The Eins te in  equat ion has been derived fo r  a system in which 
the  macromolecular s ize  i s  l a rg e ,  but the  volume f r a c t io n  o f  the 
macromolecules i s  sm a l l - -a t  l e a s t  t h i s  i s  a statement of  the 
assumptions fo r  a real  system composed of d i s c r e t e  p a r t i c l e s .  
Those two assumptions t r a n s l a t e  mathematical ly in to  the following 
s t i p u l a t i o n s :
Equation (2) is  equiva lent  to  specifying a suspension of macro­
molecules .
The second s t i p u l a t i o n ,  corresponding to  small macromolecular 
volume f r a c t i o n ,  is  dependent on the d e f in i t io n  of  volume f r a c t io n .  
We wil l use a g e ne ra l iza t io n  of the d e f in i t i o n  in sec t ion  IV.A.
For constant  £, equation (3) reduces to  th a t  d e f i n i t i o n  in 
sec t ion  IV.A. This i s  not the  exact  d e f in i t i o n  used by E inste in  in 
deriv ing his  equat ion ,  s ince some void space between molecules (not 
recognized in f l u id  mechanics) i s  a ssoc ia ted  with each molecule. 
With t h i s  d e f i n i t i o n ,  the macromolecular volume f r a c t io n  i s  on
3
the order of x2r  , so fo r  the d i lu t e  so lu t io n ,




s p e c i f i e s 4 ,5  the necessary degree to  which the Thorne equation must 
be s im p l i f ied .
Given equations (2 ) ,  (3 ) ,  ( I I .C .42 )  and ( I I .C .43)  one can obtain
5
approximations fo r  the rad ia l  p a i r  d i s t r i b u t i o n s ,  g - - ' s :
* J
911 “ 1*1 + '  I  5*2 }^  ‘ 5' " 2
g22 * ( d  + f )  + 1  (i - 4>2 ) 5f ) ( i  - ? r 2 (6)
and
g12 = (1 + 2? - 354>2 )(1 - ? ) ' 2 (7)
F in a l ly ,  in order to  s implify  equation (IV.A.14),  R must be 
assigned some f u n c t io n a l i ty  of r  because of i t s  e x p l i c i t  appearance. 
This procedure i s  deemed less  a r t i f i c i a l  than fu r th e r  constra in ing  
R in a manner s im i la r  to  equat ions (3) and (4) .
A phys ica l ly  reasonable s i t u a t i o n  might be the assumption th a t  
each molecule had the same mass dens i ty .  In th a t  case ,
R - mi - a j h - r 3  <8 >
1 ° n
Therefore ,  the f i r s t  s im p l i f i ca t io n s  of the fu l l  Thorne v i sco s i ty  
equation wil l assume equation (8 ).
91
Combining equations (IV.A.14),  (3) and (5) with in eq u a l i ty  (4) 
wil l  y i e ld  an express ion fo r  the  v i s c o s i ty  of  a d i l u t e  so lu t ion  of
3
macromolecules. Because a l l  terms smaller  than x2r  have been 
d iscarded ,  the equation i s  accura te  to  the  f i r s t  order in <f>2 . What
cannot be s ta te d  fo r  the  r e s u l t a n t  equat ion i s  t h a t  the  remainder of
o
the equation (the t runca ted  terms) are  of the  order  of  <j>2 . This
2 2 6 2 occurs because <|>2 x2 r  and terms such as x2r  are t runca ted .
Only i f  x2r  and the rec iproca l  of r  have the  same order  do the two
t runca t ions  share the  same order .  The r e s u l t i n g  equation can be
expressed by
^ 7 °  <9| t K i 22]  *  i t + 2 <Tgr>1 / 2 » i » 2 3 i 2
c - r + 4  + ®i°
(9)
S ubs t i tu t ion  for  and defin ing  <(>,. as in equat ion (3) y ie ld s
n _ r r l  r n  j . ^ j. r «  j . 16 /  ̂ \ j. m  f 8 N i 1
nl g l l  5 1 11 5 ^2r  ̂ ^ g 12 h + R ^ } ^
+ z s f  [ * i 29 i ,  + 2 ( w >1/2 W , 2
r 1 i  16 f j. /64ir + 768s „ o,. 2-, /1n\
[ - 0  + - 5  5l + (— 25^----- > 9 1 ^ ]  (10)
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where C-j = ? a t  x  ̂ = 1 .
9 2
The addit ion  of equation (8 ) and in eq ua l i ty  (2) wil l r e s u l t  in the 
following approximation:
n  -  r 1 n  I 1 6  r n  f 6 4  - 2 n 2 . 7 6 8  - 2 n 2 1 6  r n *
n7 " { g 7 7  t  "5 C911 25  ̂ 911 25ir ? 911 '  5 ^11*21 311
4 32 2 32 2 2
+ 5 59-12*2 + 25 5 911 gl 2^2 “ 25 ? gl 1 gl 2^2
128 2 2 , 64 2 2, 2‘ _4 . 2r 2n 2-,
25 ? 911 *2 25 911 *2 25 ^2 g12 J
. 768 r 9 r 2n . . _2n 2 93/2 2 , r _  K
25iT ^ ^ gH*2 gl l*2  2 {*2gl 2 M6 4*
-  2 3 / 2 <t.2 2 g 1 2 e 2 +  ^ m / C - V  +  t  « i  +  +  2 ^ ) 9 i ° 5 i 2 ]
1 ( i i )
At t h i s  point  s u b s t i t u t io n s  fo r  the various rad ia l  contact  p a i r  d i s t r v  
butions need to be made. They can be expressed as a power s e r ie s  
expansion as i l l u s t r a t e d  fo r  .
1 -  g2 _ 2 ( l - g )2 , 1 .
V Or a '9 n  - I  ?(j)? " T 2 + i T  3 ^ 2
£ £ £ I - 2
00
-  2 (1 - 0  ^  , 35V  n , )
(2+ i r  . . 0 (2+ r '  u  1
Subs t i tu t ion  gives the  following equat ion:
9 3
n -  [ r 2 ( l - 5 ) 2 V + 16 ,64 + 768,  ,2 (2+S ‘ 35*2>,
n, -  {[- W I T  , 4  ( 2+C > 5 25 2 5 * '  5 2 ( 1 _? ) 2 J
o 35<|>p i po p ( 1+2? - 3?(j>p) ifir
+ T§ (1 ♦ 25 - 35*2 ) .2 (z?J . )  + [ §  5 --------
128 2 (2+C - 35<f>2) 7gg 2 ” ^C ^)
25 * 2 ( l - 0 2 25Tr  ̂ (1 -5 )2
, 768 0- 5 / 2 ^2 2? , 768 0- l / 2  2g 3?(f^  .2-,,+ o r -  2 U  (----------- p----- ) + pirr 2 (---------- -p----- ) 5 J4>;
26tt ( l - ? ) 2 b (1-C)
R (l+2c - 35<f>p) 2 ” 35<j)p i
+ 2§ 5-  ^ - ( 2+6 ) 2  ( 2 )
22b (1-5) i=2 2 ?
, r768 C 3C.
L25* e 2(1. 5)2 - 25 « (1-5,2
2 (2+5 - 35(j>2) 32 2 ( 1+2? " 2 ^
768 o-5/2^2 ^  25 ^2  ̂ 768 „ - l / 2 , 2  (1 5 3?4>2 )-1, 2 1
p e r   ̂ r- o-------------p e r   ̂ 6  p-------- Jtf>p i
(1-5) ^blT (1-5) 2
r 1 j. 16 r ^64 ± 768\ „ 2-| / io \
*- 0 5 1 ^25 25-rr̂  gl C1  ̂ ^13^
gl
in which indices have been sh i f t e d  and terms rearranged.
F in a l ly ,  5 is  assumed to  be cons tan t .  This- means th a t  the i n i t i a l
term in the s e r ie s  expansion fo r  ~ — is  equiva lent  to  —U- and 5=5-,.
9 11 91 1
Consequently, equation (13) can be rearranged in the following form:
9 4




64 Jl (2+5) 768 r 2 (2+5) , 0 - 5 / 2 r2 , 1 + 2 5  w 7 6 8 )
- 2F «  ^ - 2 5 V { ^  ^  (1- 5 )2 , W
♦ ( g i )  2 - ’ / 2 ( J i % )  52 ] *2 
( 1 - 5 )
. r64 , 353 w  768 , 352 x _ 24 , | i_ x  _ 32 ,_3£ ,
[ 25 (^ 2 } + 2 5 ¥ ( (1. ? )2^ 5 2+5 ' 25 ^ _ ?)2^
o-5/2 ,768w 352 x r  „ - l / 2  , 352 w768x A f 768x r2 (2+0_ 
- 2 ' 2 5 7 ^ ----------------------------------------------------- 0 ^ 0  * ? / i - r
( l - 0 ‘ (I-C)
2 m 25 tv; 125 ttj
_2 (1+25)  o - 5 / 2  2 (1+25) (768_\5 5- - 2 5 r  2 ^25^/
32
25 ‘  ( 1 - 5 ) 2 ( l - o
768
25 tt
2- 1/ 2C2 ( 1+2513 + 2
( i -0‘
+ [ §  < ^ T >  -  2 ‘ 5 / 2 r  ( ^ 0 > < | f >  
25 (1- 5 ) O - 5)2 2bu
+ ( | | f )  2 - V 2 ^  .  ( 76| ) ( _ 3i l ^ ) ]  <j)c 3
+ " + i f  (1 + 25 - 35<j>2 )
( 1- e r  ‘25irM2 ( i - 0 T ' J *2
+ J L  ^1+2g~3g(|)2  ̂ (2+5 )
225
(1- 0 '
v  r3^ i \ / r  1 . 1 6 -  , ,64 , 768, 0 ,  2-,




Equation (14) i s  pa ten t ly  inaccura te  fo r  terms higher than f i r s t  order - 
second order  con tr ibu t ions  have a lready been discarded.  However, i t  
does show t h a t  n/n-j can be expressed as
9 5
2 - =  2  a .<{J (15)
n-j i= o  1 2
where the a ^ ' s  a re  funct ions of r  and ? (aQ = 1 ).
A comparison of equations (1) and (15) shows th a t  an analog to 
the  Einste in  r e s u l t  has been derived.  Fur ther ,  values of r  and ? 
can be chosen (e .g .  16.88 and 0.5 re sp ec t iv e ly )  such th a t  a-j is  2 .5 ,  
the E ins te in  r e s u l t .  In f a c t ,  a  ̂ i s  given by
a -  r6 e ( l - Q 2 . 85 (1+25) . 32 2 (1+25) 165
*1 -  L (2+{)2 5 “ ( 2 + 5 r + 25 5 ( , _ £ )2 ‘ 5
64 2 (2+5) 768 2 (2+5) . f768 ._- l /2  , 1+25 , .2
- 2 5  5 (1_5)2 - 2 5 , 5  { ^ )Z (z5,)Z ( (1 . 5 )2 )5
l o -5/2 .2  , 1+2? w 7 6 8 ^ , r 1 16 ,  ^ ,64 ^ 7 6 8 ^  o ,  2n
^  1 ^  2 5 7 1  1
(16)
and is  the re fo re  of the form:
a-j = a-| ‘ + a-j "r (17)
- a l in e a r  r e l a t i o n  with respec t  to s ize  r a t i o  fo r  a given void space 
f r a c t io n .
I f  the  s p e c i f i c  v i s c o s i t y ,  n/n-j - 1, of an Einste in  so lu t ion  is  
divided by the macromolecular volume f r a c t i o n ,  a constant  (2.5) 
r e s u l t s .  For the Thorne equat ion ,  the l in e a r  funct ion a-j r e s u l t s .
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These two appear to  be in d i r e c t  co n trad ic t ion .  The Thorne r e s u l t  
does not  approach (asymptotica lly  or otherwise) the  E ins te in  r e s u l t .  
What s ig n i f ic a n c e ,  then ,  does equation (17) have?
F i r s t l y ,  fo r  convenient values of 5 , r  can be made large  enough 
to  recover the E inste in  equation.  Secondly, in the  pure so lv en t ,  
there  i s  no i n t r i n s i c  v i sc o s i ty  e f f e c t ,  i . e .  for  molecules the  same 
s ize  ( r  equal uni ty)  the r a t i o  of n/n-j is  un i ty .  For a given value 
of  ?, r  can be found such th a t  a-j i s  zero.  C lea r ly ,  then ,  the  a p p l ic a ­
b i l i t y  of equat ion (17) should l i e  in the t r a n s i t i o n a l  region between 
macromolecular e f f e c t s  and so lu t ions  of equal ly  s ized molecules.
Figure IV.1 i s  i l l u s t r a t i v e  of t h i s  proposi t ion .
There are  several  arguments fo r  b e l i e f  in such a model. There 
must be some in termediate  region where, fo r  r  r i s i n g  from u n i ty ,  the 
i n t r i n s i c  v i s c o s i ty  r i s e s  from zero to the  E inste in  value. Although 
i t  is  highly un l ike ly  t h a t  a t rue  l in e a r  t r a n s i t i o n  occurs ,  equation 
(17) provides a f i r s t  approximation.
A c lo se r  look a t  the data in Tables I I I . l  and I I I . 2 ind ica te s  
some q u a l i t a t i v e  d i f fe rences  between the two t a b l e s .  In Table 111.2, 
the molecules e x h ib i t  an increase  in mass proport ional  to  the square 
of the rad ius .  As the Einste in  equation p r e d i c t s ,  i t s  i n t r i n s i c  
v i s c o s i ty  i s  proport ional  to  the square roo t  of the mass and hence 
to  the f i r s t  power of the s ize  r a t i o  r .  Note t h a t  not only i s  the 
i n t r i n s i c  v i s c o s i ty  l in e a r  in r  but a lso  proport ional  to r  as the 
Einste in  equation p red ic ts  (when in the form of equation ( I I I . E . 5 ) ) .
In Table I I I . l ,  the i n t r i n s i c  v i sc o s i ty  exh ib i t s  a l in e a r  
dependence on molecular  s i z e ,  but the  mass i s  proport ional  to  the 
volume. This i s  c l e a r ly  not predic ted by the Einste in  equation.
Figure IV.1 
In te rp re ta t io n  of  Equation (17)
E inste in  Equation
Equation (17)
Proposed Trans i t iona l  
Behavior
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I f  6.093 A and 2.73 A are  used as the diameters of cyclohexane and 
water r e s p e c t iv e ly ,  the  diameter r a t i o s  fo r  polystyrene  in cyclohexane 
vary between roughly th i r ty - tw o  and s ix ty -n in e  while the  r a t i o s  of s izes  
fo r  the biological  polymers in aqueous s a l t  so lu t ion s  vary from approx­
imately t h i r t e e n  to  t h i r t y - e i g h t .  Given these  d i f f e r i n g  spans fo r  r ,  
does equation (17) ind ica te  t h a t  a d i f fe ren ce  in behavior would be 
expected from the d i f f e r e n t  systems? To determine the answer to  t h i s  
quest ion requires  the evaluat ion of poin ts  A and B on Figure IV.1 
which f u r th e r  requires  a value of the void space f r a c t io n .  Equation
(17) gives the following r e s u l t s :
point  A (?,  r ,  a-j) = ( .5 ,  4 .4 ,  0) 
point  B U ,  r ,  a ^ ) = ( . 5 ,  16.9, 2.5)
I t  i s  e a s i ly  seen th a t  for  these two experimental systems, i f  a 
reasonable choice (e .g .  0.5) is  made fo r  5 , equation (17) ind ica te s  
d i f f e r e n t  r e s u l ta n t  behavior. Although the b io log ica l  polymer 
so lu t ions  are not modeled accura te ly  by equation (17) ,  they do ex h ib i t  
what i s  now an understandable deviat ion from the E inste in  r e s u l t  
because they are c lose  to the l im i t  of  i t s  range of a p p l i c a b i l i t y .  
A l te rn a t iv e ly ,  the polystyrene/cyclohexane so lu t ions  have s ize  r a t i o s  
considerably  g rea te r  and should do a b e t t e r  job of e x h ib i t in g  Einste in  
behavior. They do, as i l l u s t r a t e d  in Figures IV.2 and IV.3, since 
t h e i r  mass is  proport ional  to  2 and the E inste in  equation p red ic ts  
the p ro p o r t io n a l i ty  to r  of t h e i r  i n t r i n s i c  v i s c o s i ty .
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Figure IV.2
I n t r in s i c  Viscosity 
o f  Biopolymers/Water
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For these  reasons ,  the use of equation (17) is  proposed as a f i r s t  
approximation to  behavior in a t r a n s i t i o n  zone between mixtures of  
p a r t i c l e s  of approximately equal s izes  and d i lu t e  so lu t ions  of  p a r t i c l e s  
la rge  enough th a t  f lu id  mechanics i s  a more reasonable  approximation.
F in a l ly ,  to  c l e a r  up c e r t a in  non-rigorous port ions  of t h i s  dev ia ­
t i o n ,  account must be taken of  the f a c t  t h a t  R can be a funct ion  of
q
r  o ther  than r  . Indeed, use has a lready been made of equation (17)
2
to  attempt to model behavior fo r  R = r  .
Examination of equation (10) shows th a t  as long as R i s  g re a te r  
than or equal to  r ,  equation (16) r e s u l t s .  There is  a lso  a hidden 
dependence on R in going from equation (IV.A.14) to equation (9) .
q
For R in the closed in te rva l  [ r , r  ] ,  equation (16) is  always the 
r e s u l t .  Therefore ,  the app l ica t ion  of equation (17) to analyze the 
experimental systems is  j u s t i f i e d .
In summary, s im p l i f i ca t io n  of the Thorne equation fo r  v i s c o s i ty  
to  t h a t  fo r  a d i l u t e  suspension of macromolecules r e s u l t s  in an 
analogue to the E ins te in  v i sc o s i ty  equation. Application to two 
s p e c i f i c  systems ind ica te s  t h a t  the r e s u l t  is  a f i r s t  approximation 
to  the t r a n s i t i o n a l  behavior wherein the i n t r i n s i c  v i s c o s i ty  climbs 
from zero to the Einste in  r e s u l t  as r increases from uni ty .  I t  a lso  
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C. Thermal Diffusion Ratio
In Chapter I ,  various d i f fus ion  c o e f f i c i e n t s  were given as examples 
r e s u l t in g  from d i f f e r e n t  d i f fu s iv e  f luxes and dr iv ing  fo rce s .  A summary 
of  the  Thorne^ r e s u l t s  i s  given in Chapter I I .  The Thorne d i f fu s io n
n______________________________________________________________________  __
c o e f f i c i e n t  i s  based on a number ve loc i ty  d i f fe rence  (<C^*> - <C£*>) 
and a d i f fu s iv e  f lux  d ^  given in equation ( I I .C .2 8 ) .  Neglecting o ther  
terms, d ^  i s  the concentrat ion grad ien t .
3 4There has recen t ly  been a considerable  research e f f o r t  ’ e x p la in ­
ing the d iscrepancies  between the Thorne r e s u l t s  and r e s u l t s  fo r  
d i f f u s i v i t i e s  based on other  premises. In f a c t ,  i t  has been shown
th a t  the  Thorne r e s u l t  f a i l s  to obey the Onsager r e c ip r o c i ty  r e l a t i o n
c c 3( i . e .  D-jo ) a v io la t ion  of i r r e v e r s i b l e  thermodynamics.
5
Al-Chalabi and McLaughlin suggested using a d i f fu s ion  c o e f f i c i e n t  
D-J2 based on chemical po ten t ia l  which, from equation ( I .C .9 )  can be
5
shown, fo r  ordinary d i f fu s io n ,  to equal 
9 Ina,
°12 = 9̂ l n x ^ T ,p  ^  )
Since the Thorne r e s u l t  D ^ C corresponds to a concentra t ion g rad ie n t ,
the  "correc t"  c o e f f i c i e n t  to  use, given D19c , would be one correc ted  
9 Ina, u
by (9 1 nx-, H , p ‘
Barajas ,  Garc ia-Col in , and Pina have shown th a t  the d i f fu s io n
—y
f lux d,p d i f f e r s  from th a t  ca lcu la ted  fo r  i r r e v e r s i b l e  thermodynamics 
^  (H)
d ^  by an amount dependent on the order of dens i ty  included in the
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c a lc u la t io n s .  They then derived an expression to r e l a t e  the  Thorne
ty  I
(H)
d i f f u s i v i t y  D-j2c to  the  d i f f u s i v i t y  D12^  based on the proper d i f fu s iv e
force  d-|2 ' . (The H r e fe r s  to  H i r s c h f e l d e r . )
° 12  ̂  ̂ °12 (nP]P2tT1l ni2/|,p W ^ T . p  ^
Where w-j i s  the weight f r ac t io n  of species  1 and y i s  the chemical 
p o ten t ia l  defined by
fo r  y.. the  chemical po ten t ia l  per molecule of species i .
What r e l a t i o n s h ip  D-|2 ^  has to  D-j2 is  a quest ion a r i s in g  n a tu ra l ly  
from the above d iscuss ion .  To evaluate  equation (2 ) ,  (I77-) i s  expressed
3X , 3W1
as (-r£—) ( t 7t - ) .  The i n i t i a l  term is  given by
(3 X 1 o  W -j
an 1 ^ l  1(——) =     -  -1-------   . (4)3x-j m-j 3x-j m2 3x-j v '
The Gibbs-Duhem equation fo r  a binary mixture can be wri t ten
T here fo re ,
(% >  ■ ( 6 )
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where m = x-jin̂  + X2HI2 -
The chemical po ten t ia l  per molecule y.| can be expressed
Oy-| = y-j" + kTlna-i (7)
which means
9y, . T 9lna,
^9>Tj^T,p = x̂ j" (TTnx^T,p * ^
Also, since
xl ml
W1 _ x^m^+x^m^" ^
9 W ,




Combining equations (2 ) ,  (6 ) ,  (8 ) and (10) and s im pli fy ing ,  the 
following equation r e s u l t s :
/ [_i \ 3lna,n _ /____ \ \  D c ( 11)
12 ' g l n x ^ T j p  12 u u
T here fo re ,
D1 2 (H) = d12 (1Z)
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The co rrec t ion  term o r i g in a l l y  proposed by Al-Chalabi and 
McLaughlin i s  s u f f i c i e n t  to  modify the Thorne d i f fu s io n  c o e f f i c i e n t  
to  obtain  a thermodynamically c o n s i s te n t  d i f fus ion  c o e f f i c i e n t .
g
Given the use of the above d i f fu s io n  fo rc e ,  Barajas ,  et^. a l .
( H)give a co rrec t ion  fo r  the thermal d i f fu s io n  r a t i o  ky
kT ^  = D1 2 ^HV ( n 2 / n 1n2 )D12 ] k y  ( 1 3 )
7 cKandiyoti has c a lc u la te d , th e  thermal d i f fu s io n  c o e f f i c i e n t ,  ky ,
as defined by Thorne.
To obtain the  correc ted  thermal d i f fus ion  c o e f f i c i e n t ,  one need
only evaluate  the following equat ion:
kT <H> .  ( p % n z / n ZPl P 2 ) ( ! 2 i ) TtP kTc  ( 1 4 )
I t  should be noted t h a t  the  correc t ion  term is  not i d e n t i c a l ly  
uni ty  except in such t r i v i a l  cases as fo r  mixtures of p e r fec t  gases 
with id en t ica l  masses. Table IV.1 and Figure IV.4 show the ca lcu la ted  
values of Kandiyoti fo r  kyC where p-jVv-j*/kT = 1, R = .5 ,  and r  = 1.
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Table IV.l










F i g u r e  I V . 4
Compositional Dependence of 
Thorne's Thermal Diffusion Ratio
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D. Summary
This work has been concerned with the  t r a n s p o r t  p ro p e r t i e s :
v i s c o s i ty ,  thermal conduc t iv i ty ,  and thermal d i f fu s io n .  By extending
1-3 4the Chapman-Enskog theory of s t a t i s t i c a l  mechanics, H. H. Thorne
derived expressions fo r  these t r a n s p o r t  p ro p e r t ie s  which had la in
"dormant", unevaluated,  for  decades. Recent advances had enabled
C o
McLaughlin, et_. a]_. to a r r iv e  a t  evaluat ions  fo r  some of these
prop er t ie s  from the Thorne theory. D iffus ion ,  in p a r t i c u l a r ,  had
5-7been exhaust ively  examined.
There have been c e r ta in  f u r th e r  app l ica t ions  of the Thorne 
th eo r ie s  which had not been addressed and with which t h i s  work is 
concerned. The f u l l  mixing laws fo r  v i s c o s i ty  and thermal conduct iv i ty  
were evaluated and specia l  cases of each were analyzed with reference
9
to  excess p ro p e r t i e s .
The v i s c o s i ty  equation was s im p l i f ied  in order  to apply i t  to  a
d i lu t e  suspension of  m a c r o m o l e c u l e s T h i s  resu l te d  in an equation
analogous to  th a t  proposed by E i n s t e i n . ^  The d i f fe rences  between the
two l i e  in the route  of de r iva t ion  ( s t a t i s t i c a l  versus f l u i d  mechanics)
and the e x p l i c i t  s ize  dependence of i n t r i n s i c  v i s c o s i ty  to which the
Thorne equation leads .  I t  was proposed t h a t  t h i s  r e s u l t ,  because of i t s
form and d e r iv a t io n ,  approximates the behavior in a " t r a n s i t io n "  region
for  molecules la rge  enough to show i n t r i n s i c  v i s c o s i ty  e f f e c t s  but not
large  enough to conform to the  Einste in  behavior.
F in a l ly ,  thermal d i f fus ion  had been solved by McLaughlin,
5 12e t . a l . 5 Recent research ,  however, had ind ica ted  t h a t  the  Thorne
1 3theory in the case of d i f fu s ion  v io la t e s  i r r e v e r s i b l e  thermodynamics.
m
1 3Revisions to  the  Thorne theory were proposed. This t h e s i s  shows
t h a t  the proposed rev is ions  s implify  to  a c o r rec t ion  f a c to r  f i r s t  proposed
5
by Al-Chalabi and McLaughlin.
In conclusion,  there  are  several research  d i r e c t io n s  which may be 
taken from the r e s u l t s  of t h i s  work. One p o s s i b i l i t y  i s  the  dup l ica t ion  
of t h i s  work using a more r e a l i s t i c  molecular  po ten t ia l  funct ion  than 
th a t  of hard spheres. Also, experimental work to  v e r i fy  the accuracy 
of  the expression fo r  the thermal d i f fu s io n  r a t i o  needs to  be done. 
F in a l ly ,  data should be obtained in the t r a n s i t i o n  region of molecular 
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